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j=1
Πi,j,1i−1 +
ψi−φi∑
j=1
Πi,j,2i ,
i− δ
Λi
(G, c(e)) x ∈ G
Px x
∑
y∼x c([x, y]) = 1
Ex[T
+
x ] = 2
∑
e∈G
c(e).
π̂
π̂(.)/π̂(G)
Eωx [T
+
x ] =
π̂(G)
π̂(x)
= π̂(G),
π̂(x) =
∑
y∼x c([x, y]) = 1
π̂(G) = 2
∑
e∈G
c(e).
S∞ = 2
∞∑
i=0
β−i(1 + Λi),
δ
T
Cψ (pk)k≥0 n ≥ 0
k ≥ 0
Q[ψn+1 = k] ≤ Cψkqk.
C˜ψ sup
i∈N
EQ[ψi] ≤ C˜ψ <∞
Q[ψn+1 = k] =
k∑
j=1
Q[φn+1 = j, ψn+1 = k]
= cnqk
k∑
j=1
Q[Zn = 0]
j−1Q[Zn+1 = 0]
k−j
≤ cnkqk.
(cn)n≥0
n + 1 root j
n
1/cn = Q[H = n + 1]/Q[H = n] ≥ qjqj−10 ,
j ≥ 1 j0 ≥ 1 qj0 > 0
Q[ψn+1 = k] ≤ 1
qj0q
j0−1
0
kqk−1,
qk = pkq
k−1 ≤ qk−1
α > 0
Q[H ≥ n] ∼ αf ′(q)n.
Q˜
E eQ[Z1] = m < 1
lim
n→∞
Q˜[Zn > 0]
mn
> 0 ⇐⇒ E eQ[Z1 log+ Z1] <∞.
Q qk = pkq
k−1 ≤ qk−1
Q[H ≥ n] = Q[Zn > 0] = Q[Zn ≥ 1] ≤ EQ[Zn] = f ′(q)n.
k ≥ 0
Q[Z1 ≤ k|Zn = 0] ≥ Q[Z1 ≤ k].
EQ[Zi|Zn = 0] ≤ f ′(q)i, i ≥ 0 n ≥ 0
Dn 1−Q[Zn−1 = 0]
Z1 Q[Z1 ≤ k|Zn = 0] = Q[Z1 ≤ k|Z1 < Dn]
Q[Z1 ≤ k|Z1 < Dn] =
∑k
j=0 Q[Dn > j]Q[Z1 = j]∑∞
j=0 Q[Dn > j]Q[Z1 = j]
=
(
1 +
∑∞
j=k+1 Q[Dn > j]Q[Z1 = j]∑k
j=0 Q[Dn > j]Q[Z1 = j]
)−1
,
j′ < k < j Q[Dn > j] ≤ Q[Dn > k] ≤ Q[Dn > j′]
Q[Z1 ≤ k|Z1 < Dn] ≥
∑k
j=0 Q[Z1 = j]∑∞
j=0 Q[Z1 = j]
= Q[Z1 ≤ k].
EQ[Λi]
i ≥ 0
EQ[Λi] ≤ C˜ψ
1− (βf ′(q))−1 (f
′(q)β)i.
EQ[Λi] = EQ[φi]EQ[Πi−1] + EQ[ψi − φi]EQ[Πi] ≤ EQ[Πi] sup
i∈N
EQ[ψi] ≤ C˜ψ
i∑
j=1
f ′(q)jβj,
βf ′(q) > 1
EQ[S∞] ≤ 2C˜ψ
1− (βf ′(q))−1
(
β
β − 1 +
1
1− f ′(q)
)
<∞.
EQ[S∞] ≤ 2
∞∑
i=0
β−iEQ[1 + Λi] ≤ 2C˜ψ
1− (βf ′(q))−1
∞∑
i=0
β−i(1 + (βf ′(q))i) <∞,
f ′(q) < 1
hn
hn
hn
hn n ρCan
ε
χ0(n) = hn −
Δn ≈ χ1(n) + · · ·+ χρCanε(n),
χi(n) χ0(n)
hn
root
χ1(n) =
Wn∑
i=1
T
(i)
0 ,
Wn n T
(i)
0
hn
Wn n
n Wn W∞
hn root δ
≈ 1− p∞
δ δ root
δ
χ1(n) ≈
(W∞,p∞)∑
i=1
G(i)−1∑
j=0
T (i,j)exc ,
T
(i,j)
exc δ δ
G(i) δ i
β−H β−H
H
G(i)−1∑
j=0
T (i,j)exc ≈ G(i)Eω[T (i,j)exc ] ≈ G(i)S∞,
G(i) − 1 ≈ βHei
χ1(n) ≈ βHZ∞.
Ziβ
Xi
Xi
γ = 1
hn
hn = −(1− ε) lnn/ ln f ′(q)
hn
ηn := Q[H ≥ hn] ∼ αf ′(q)hn ,
x ∈ backbone
Lx x
x Lx = ∅
L(hn) = {y ∈ T (ω) | y hn − }
ε > 0
t ≥ 0 P
[∣∣∣∣Δn − χ(n)n1/γ
∣∣∣∣ ≥ t]→ 0
χ(n) = card{1 ≤ i ≤ Δn|Xi−1, Xi ∈ L(hn)}
Δn
A1(n) = {ΔYn ≤ C1n}
A2(n) = {card∪Δ
Y
n
i=1LYi ≤ C2n}
A3(n) =
{
max
∈LYi ,i≤Δ
Y
n
card{0 ≤ i ≤ ΔYn |Yi ∈ 
, Xσi+1 ∈ 
} ≤ C3 lnn
}
A(n) = A1(n) ∩ A2(n) ∩ A3(n)
C1n
n C2n C3 lnn
C1 C2 C3
P[A1(n)
c] = o(n−2) P[A(n)c] → 0.
β Z
P[A1(n)
c] = o(n−2),
C1
A1(n) (Yi)i≥0 Δ
Y
n
C1n
E[cardL0] ≤ m/(1 − q)
C2 > C1m/(1− q)
P[A2(n)
c] ≤ P
[C1n∑
i=0
cardL
(i)
0 > C2n
]
+ P[A1(n)
c] → 0,
cardL
(i)
0 cardL0
A3(n) x 
 ∈ Lx
x y y

 z x x
y z 1/2 y z
x y z
1/2
x z
p∞ z p∞
x y
p∞/2
P[A3(n)
c ∩ A2(n)] ≤ C2nP
[
G(p∞/2) ≥ C3 lnn
]
≤ CnC3 ln(1−p∞/2)+1,
C3
Δn
Δn = Δ
Y
n + χ(n) +
∑
∈ ∪ΔYni=0LYi \ L(hn)
N(
),
N(
) = {1 ≤ i ≤ Δn|Xi−1 ∈ 
,Xi ∈ 
}
N(
) (Y ′i )i≤ΔY ′n∑E
i=1 R
(i)
 E

 R
(i)
 i 


 hn
Δn ≥ χ(n).
t > 0
P
[
Δn−χ(n)
n1/γ
> t
]
≤ P[A(n)c] + P
[
C1n +
∑C2n
i=0
∑C3 lnn
j=0 R
(i)
 ≥ tn1/γ
]
≤ o(1) + P
[∑C2n
i=0
∑C3 lnn
j=0 R
(i)
 ≥ t2n1/γ
]
,
P
[C2n∑
i=0
C3 lnn∑
j=0
R
(i)
 ≥
t
2
n1/γ
]
≤ 2
tn1/γ
E
[C2n∑
i=0
C3 lnn∑
j=0
R
(i)

]
≤ 2C2C3n
1−1/γ lnn
t
E[R
(1)
1 ] .
E[R
(1)
1 ] = EQ[E
ω
root[T
+
root]|H < hn] = 2
hn−1∑
i=0
βiEQ[Zn|H < hn]
≤ 2
hn−1∑
i=0
(βf ′(q))i ≤ Cn(1−ε)(−1+1/γ).
ε > 0 t > 0
P
[C2n∑
i=0
C3 lnn∑
j=0
R
(i)
 ≥
t
2
n1/γ
]
= o(1),
Kx = max∈Lx H(
) x x ∈
backbone H
root
P[K0 ≥ hn] ∼ Caf ′(q)hn ,
Ca = αq
m−f ′(q)
1−q
α
Z Z∗
P f
E
H(i), i = 1, 2, . . .
h
P[K0 ≥ hn] = P
[
max
i=1,...,Z−Z∗
H(i) ≥ hn
]
= 1− E[(1− ηn)
Z−Z∗(1− 1{Z∗ = 0})]
1− q ,
Z∗ 
= 0
P[K0 ≥ hn] = 1− E[(1− ηn)
Z−Z∗ ]− E[(1− ηn)Z−Z∗0Z∗ ]
1− q ,
E[sZ−Z
∗
tZ
∗
] = f(sq + t(1− q))
P[K0 ≥ hn] = 1− f((1− ηn)q + 1− q)− f((1− ηn)q)
1− q .
f(z − x) = f(z) − f ′(z)x + o(x) z ∈ {q, 1}
hn Yn
K(n) = inf{i ≥ 0|KYi ≥ hn}.

(n) hn YK(n)
b(n)
0 − 
(n)
Wn = card{i | Xi = YK(n), Xi+1 = b(n)},
ω P[·] Xn P ω0 [·|0 − ]
(Wn)n≥1
Wn  G(p∞/3) n ∈ N Wn
p∞/3
n ∈ N x
1/3 y x
b(n) ←−x y p∞
W∞
Wn
d−→ W∞.
Wn ω P[·] Xn
P ω0 [·|0− ]
W∞  G(p∞/3)
n ∈ N∗ m ≥ n Wm Wn
hn hm
n
Σ(n) := max{0 ≤ i ≤ n | i− }.
Wm
m ≥ n θ
K(m,n) = inf{j ≥ 0 | KYj ≥ hm, 
(m) ◦ θΣ(j) = 
(n) ◦ θΣ(j)},
hm hn
b(m,n)
Wm,n = card{i | Xi = YK(m,n), Xi+1 = b(m,n)},
ω P[·] (Ui)i≤K(m,n) P ω0 [·|0 ]
m ≥ n
Wm,n
d
= Wn.
hm
hn hn
hm ηm/ηn > 0
hn (Ui)i≤K(n)
Wm,n Wn
hn
K(m,n)
K(m,n) ≥ τ1 ◦ θK(n) Wm,n = Wm,n ◦ θK(n)
Wm,n ◦ θτ1◦θK(n)
d
= Wm,n,
Wm,n ◦ θτ1◦θK(n) (Ui)i≤τ1◦θK(n)−1
hn hm
hm
ηm/ηn (Ui)
(W
(i)
n )i≥1
Wn
Wm,n = W
(G)
n ,
G (W
(i)
n )i≥1
Wm,n = W
(G)
n
d
= Wn.
Wm,n Wm
Am,n = {
(m) = 
(n) ◦ θΣ(K(m))},
Wm,n Wm
sup
m≥n
P[Acm,n|0− ] → 0 n→∞.
V ij =
{
card
τ1⋃
k=0
{
 ∈ LYk , 
 hj } = i
}
,
V i,+j =
{
card
τ1⋃
k=0
{
 ∈ LYk , 
 hj } ≥ i
}
.
P[Acm,n|0− ] ≤ P[V 2,+n |V 1,+m , 0− ].
card τ1
card = card
{

 | 
 ∈
τ1⋃
i=0
LYi
}
,
ϕ(s) := E
[
scard |0−
]
.
Am,n
∀m ≥ n, P[V 2,+n |V 1,+m , 0− ] ≤ ϕ′(1)− ϕ′(1− ηn).
E
[
card |0 −
]
≤ E[τ1|0 − ]E[cardL0] < ∞
ϕ′ 1
P[Wm ≥ y|0− ] = P[Am,n,Wm,n ≥ y|0− ] + o(m,n)
= P[Wm,n ≥ y|0− ] + o(m,n)
= P[Wn ≥ y|0− ] + o(m,n),
supm≥n o(m,n) → 0 n
W∞
(Wm) (Wm)m≥0 m
∀t > 0, P[W∞ ≤ t | 0− ] = P[Wn ≤ t|0− ] + o(1).
i ≥ 1
P[V in|V 1,+m , 0− ] =
P[V in|0− ]
P[V 1,+m |0− ]
P[V 1,+m |V in, 0− ]
≤ P[V
i
n|0− ]
P[V 1,+m |0− ]
iQ[H ≥ hm|H ≥ hn]
= i
P[V in|0− ]
ηn
ηm
P[V 1,+m |0− ]
≤ iP[V
i
n|0− ]
ηn
.
∑
i≥2
iP[V in|0− ]
=
∑
i≥2
∑
j≥i
P[card = j|0− ]i
(
j
i
)
ηin(1− ηn)j−i
=
∑
j≥0
jP[card = j|0− ]
j∑
i=2
(
j − 1
i− 1
)
ηin(1− ηn)j−i
=ηn
∑
j≥0
jP[card = j|0− ]
j−1∑
i=1
(
j − 1
i
)
ηin(1− ηn)(j−1)−i
=ηn
∑
j≥0
jP[card = j|0− ]
(
1− (1− ηn)j−1
)
=ηn(ϕ
′(1)− ϕ′(1− ηn)).
P[V 2,+n |V 1,+m , 0− ] =
∞∑
i=2
P[V in|V 1,+m , 0− ]
≤ 1
ηn
∑
i≥2
iP[V in|0− ] = ϕ′(1)− ϕ′(1− ηn),
W∞
cW > 0 (pi)i≥0
P[W∞ ≥ 1] ≥ cW .
Wn
P[Wn ≥ 1 | 0− ] ≥ E
[(
1
Z(K(n)) + 1
)2
p∞
]
≥ (1− f ′(q))E
[ 1
(Z(K(n)) + 1)2
]
,
Z(K(n)) YK(n)
β/(βZ(K(n)) + 1) ≥ 1/(Z(K(n)) + 1) YK(n)
b(n) YK(n) 1/(Z(K(n)) +
1) YK(n)
p∞
{Wn ≥ 1} ∩ {0 − } β > βc = f ′(q)−1
p∞ = 1− β−1 ≥ 1− f ′(q)
Z(K(n)) Z1
{ hn− 0} j0 j0 > 1 pj0 > 0
m > 1 Z∗1 0
Z1−Z∗1 0
ηn hn
P[Z(K(n)) = j0] = P[Z1 = j0 | hn − 0]
=
P[Z1 = j0, (Z1 − Z∗1 , ηn) ≥ 1]
P[ hn − 0]
≥ ηnP[Z1 = j0, Z1 − Z
∗
1 ≥ 1]
P[ hn − 0] .
P [ (Z1 − Z∗1 , ηn) ≥ 1] ≤ Z1ηn
P[ hn − 0] ≤
∞∑
j=0
P[Z1 − Z∗1 = j]jηn ≤ mηn.
P[Z(K(n)) = j0] ≥ P[Z1 = j0, Z1 − Z
∗
1 ≥ 1]
m
.
P[W∞ ≥ 1]
(pk)k≥0
hn 0 n→∞
B1(n) = {∀i ∈ [1, n], card{Yτi , . . . , Yτi+1} ≤ nε}
B2(n) = {∀i ∈ [0, τ1], cardLYi ≤ n2ε}
B3(n) = {∀i ∈ [0, τ1], ∀
 ∈ LYi , 
 hn }
B4(n) = {∀i ∈ [2, n], card
{
LYj | j ∈ [τi, τi+1], hn
} ≤ 1}
B(n) = B1(n) ∩B2(n) ∩B3(n) ∩B4(n)
ε < 1/4
P[B1(n)
c] = o(n−2) P[B(n)c] → 0.
τ2 − τ1 τ1
B1(n)
c ⊆ ∪ni=1{τi+1 − τi ≥ nε}
P[B1(n)
c] = o(n−2).
P[B2(n)
c] ≤ P[B1(n)c] + nεP[cardL0 ≥ n2ε] ≤ o(1) + n−ε m
1− q = o(1),
E[cardL0] ≤ E[Z1] ≤ m/(1− q)
P[B3(n)
c] ≤ P[B2(n)c] + n3εηn = o(1),
ε < 1/4
n n B1(n)
nε nε
n2εP[K0 ≥ hn]2
P[B4(n)
c] ≤ P[B1(n)c] + nn2ε(Cnε−1)2 = O(n4ε−1),
ε < 1/4
R(n) = card{Y1, . . . , YΔYn } ln hn
ln = card
{
i ∈ [0,ΔYn ], LYi hn
}
C1(n) = {(1− n−1/4)ρn ≤ R(n) ≤ (1 + n−1/4)ρn}
C2(n) =
{
(1− n−ε/4)ρCanf ′(q)hn ≤ ln ≤ (1 + n−ε/4)ρCanf ′(q)hn
}
C3(n) =
{
∀1 ≤ i ≤ ΔYn , card
{

 ∈ LYi|
 hn
}
≤ 1
}
C(n) = C1(n) ∩ C2(n) ∩ C3(n)
ε < 1/4
P[C(n)c] → 0.
i ≥ 0 τ0 := 0
Zi := card{Yτi+1, . . . , Yτi+1}  G(i)(p∞),
G(i)
p∞ n0
ΔYn ≤ τn0 n0 ≤ n
∣∣Xτi+1∣∣ − |Xτi| ≥ 1
Zi
n0−1∑
i=1
Zi ≤ card{Y1, . . . , YΔYn } ≤
n0∑
i=1
Zi
P
[∣∣∣card{Y1, . . . , YΔYn }
n
− ρ
∣∣∣ ≥ n−1/4]
≤n1/2
(card{Y1, . . . , YΔYn }
n
)
=n1/2
(
E
[(card{Y1, . . . , YΔYn }
n
)2]
− E
[card{Y1, . . . , YΔYn }
n
]2)
≤n−3/2
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E
[( n0∑
i=1
Zi
)2]
− E
[n0−1∑
i=1
Zi
]2)
≤n−1/2(E[G(p∞)2] + E[G(p∞)]2),
P[C1(n)
c] → 0
C1(n) R(n) ∈ [ρn(1−n−1/4), ρn(1+n−1/4)]
hn ln (R(n),P[K0 ≥
hn]) P[K0 ≥ hn] ≤ Cnε−1
P[C2(n)
c ∩ C1(n)] → 0
C2(n) Cn
ε hn
1
hn
P[ hn | hn , 0− ]
≤ f ′(1)− f ′(1− ηn) ≤ Cηn,
E[Z2] <∞ f ′′(1) <∞
ηn = o(n
−ε) ε < 1/4
D(n) =
{
max

 ∈ ∪i=0,...,ΔYn LYi
H(
) ≤ 2 lnn− ln f ′(q)
}
.
P[D(n)c] → 0.
Q[H ≥ 2 lnn
− ln f ′(q)
] ≤ n−2
P[D(n)c] ≤ P[A2(n)c] + P[A2(n) ∩D(n)c] ≤ o(1) + C2n−1 = o(1),
B(n) B(n)∩C(n)
C2(n)
D(n) n
n− (−2 lnn/ ln f ′(q))
χi(n) χ0(n)
n˜ = n− (−2 lnn/ ln f ′(q))
(1−en−ε/4)ρnCaenf ′(q)hen∑
i=1
χi(n)  χ(n) 
(1+n−ε/4)ρnCanf ′(q)hn∑
i=1
χi(n).
χ1(n)
δi(n) rooti(n) bi(n)
i hn 
j(n) χi
i hn
δ
χ∗j(n) = card{k ≥ 0 | Xk ∈ 
j(n), k ≥ Tδj(n), Tδj(n) ◦ θk <∞},
j hn
χj(n) ≥ χ∗j(n).
ε < 1/4
t > 0 P
⎡⎣ 1
n1/γ
∣∣∣ l(n)∑
j=1
(
χj(n)− χ∗j(n)
)∣∣∣ ≥ t
⎤⎦→ 0.
χ1(n)
χ∗1(n) χ1(n) Wn 
(n) χ
∗
1(n)
Wn 
(n)
t > 0 P
[ 1
n1/γ
∣∣∣ l(n)∑
i=1
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(i)
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j=1
(T jrooti(n) − T
∗,j
rooti(n)
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∣∣∣ ≥ t]→ 0
T jrooti(n) = {k ≥ 0 | Xk ∈ 
i(n), card{k˜ ≤ k, Xek+1 = bi(n), Xek = rooti(n)} = j},
T ∗,jrooti(n) = {k ≥ 0 | Xk ∈ 
i(n), card{k˜ ≤ k, Xek+1 = bi(n), Xek = rooti(n)} = j,
k ≥ Tδj(n), Tδj(n) ◦ θk <∞},
(W
(i)
n ), i ≥ 1 Wn
root YK(n)

(n) Qn[·] = Q[· | H ≥ hn] EQn [·] =
EQ[· | H ≥ hn] Eω[·] := Eωroot[·] EQn [·] = EQn [Eω[·]]
Wn P[·|0 − ] n ∈
N ∪ {∞}
root h

(n)
h+n =
⌈(1 + ε) lnn
− ln f ′(q)
⌉
,
A1(n) = {H ≤ h+n }
A2(n) = { nε }
A3(n) = { 
(n) ≤ hn}
A(n) = A1(n) ∩ A2(n) ∩ A3(n)
ε < 1/4
Qn[A(n)
c] = o(n−ε).
Qn[A1(n)
c] ≤ Q[H ≥ h
+
n ]
Q[H ≥ hn] ≤ Cn
−2ε = o(n−ε).
Qn[A2(n)
c]
≤Qn[A1(n)c] + Qn[A1(n), nε/h+n ]
≤o(n−ε) + h+nCψ
nε
h+n
qn
ε/h+n = o(n−ε).
Qn[A3(n)
c]
≤Qn[A2(n)c] + Qn[A2(n), ≥ hn]
≤o(n−ε) + nεηn = o(n−ε),
ε < 1/4
P
[ 1
n1/γ
∣∣∣ l(n)∑
i=1
W
(i)
n∑
j=1
(T jrooti(n) − T
∗,j
rooti(n)
)
∣∣∣ ≥ t]
≤ 1
tn1/γ
E
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1{C2(n)}1{A(n)}
l(n)∑
i=1
W
(i)
n∑
j=1
(T jrooti(n) − T
∗,j
rooti(n)
)
]
+ P[C2(n)
c] + Qn[A(n)
c]
≤ P[C2(n)c] + Qn[A(n)c] + 2ρCacβn
ε
tn1/γ
E[1{A(n)}(T 1root1(n) − T ∗,1root1(n))],
cβ = E[G(p∞/3)] E[W
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n ] ≤ cβ
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∣∣∣ l(n)∑
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rooti(n)
)
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t
nε−1/γEQn [1{A(n)}(T 1root1(n)−T ∗,1root1(n))] → 0
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hn δ
δ root T+root − T ∗,+root
root δ δ root
δ root δ
T+root − T ∗,+root T+root
E[1{A(n)}(T+root − T ∗,+root)]
≤EQn [1{A(n)}Eωroot[1{A(n)}T+δ | T+δ < T+root]] + EQn [1{A(n)}Eωδ [T+root | T+root < T+δ ]]
+ EQn [1{A(n)}Eωroot[T+root | T+root < T+δ ]].
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ω hω
hω(z) = P ωz [T
+
root < T
+
δ ] h
ω(root) = 1 hω(δ) = 0
P ωy [X1 = z|T+root < Tδ] =
hω(z)
hω(y)
P ωy [X1 = z],
y, z
δ root
hω(y) = hω(y ∧ δ) = β−d(root,y∧δ)1− β
−(H+1−d(root,y∧δ))
1− β−(H+1) .
{T+δ > T+root}
y z y
P ωy [X1 =
←−y |T+root < Tδ] > P ωy [X1 = z|T+root < Tδ],
y /∈ {δ, root}
P ωy [X1 =
←−y |T+root < Tδ] > βP ωy [X1 = −→y |T+root < Tδ].
(2) (3)
root
β root
z ∈ {δ, root}
EQn [1{A(n)}Eωz [T+root | T+root < T+δ ]] ≤ C(lnn)n(1−ε)(1/γ−1)+ε.
y (3) P ωy [T
+
y > T
+
root|T+root <
Tδ] ≥ p∞ N(y) = card{n ≤ T+root| Xn = y} (Xn)
{T+root < Tδ} G(p∞)
p∞
s(y) ∈ Sy
s(y) N(s(y)) = card{n ≤ T+root| Xn = y, Xn+1 ∈
s(y)} (2) A3(n)
N(s(y)) (Xn) {T+root < Tδ}
G(p∞/2)
T+root = Tspine +
∑
s∈
N(s)∑
j=1
Rjs,
Tspine = card{n ≤ T+root|Xn } =
∑
x∈ N(x) R
j
s
s j A(n)
s
i + 1 i ≤ hn Eω[Rjs]
2Πi,1,1i+1 EQn [Π
i
j] ≤ C(βf ′(q))i
A(n) h+n n
ε
EQn [1{A(n)}Eωδ [T+root | T+root < T+δ ]] ≤ h+nE[G(p∞)]
+ h+nn
εE[G(p∞/2)]C(βf
′(q))hn ,
(βf ′(q))hn ≤ Cn(1−ε)(1/γ−1)
EQn [1{A(n)}Eωδ [T+root | T+root < T+δ ]] ≤ C(lnn)n(1−ε)(1/γ−1)+ε.
z ∈ {δ, root}
EQn [1{A(n)}Eωz [T+δ | T+δ < T+root]] ≤ C(lnn)n(1−ε)(1/γ−1)+ε.
h {T+δ < T+root}
y z y P ωy [X1 =−→y |T+δ < T+root] > P ωy [X1 = z|T+δ < T+root]
y 
= {δ, root} P ωy [X1 = −→y |T+δ < T+root] > βP ωy [X1 =←−y |T+δ < T+root].
ĥω ĥω(z) =
P ωz [T
+
δ < T
+
root] ĥ
ω(root) = 0 ĥω(δ) = 1
ĥω(y) = ĥω(d(y ∧ δ, δ)) = β
H+1 − βd(y∧δ,δ)
βH+1 − 1 .
E[1{A(n)}(T+root − T ∗,+root)] ≤ C(lnn)n(1−ε)(1/γ−1)+ε
t > 0 P
[∣∣∣∣∣
∑l(n)
i=1 χj(n)− χ∗j(n)
n1/γ
∣∣∣∣∣ ≥ t
]
≤ o(1) + C(lnn)n2ε−1−ε(1/γ−1),
ε < 1/4
Qn := Q[ · | H = h0n]
h0n = lnn/− ln f ′(q) .
p1(H) := P
ω
δ [T
+
δ < T
+
root] =
1− β−1
1− β−(H+1)
root δ 1 + H
p2(H) := P
ω
δ [T
+
root < T
+
δ ] =
1− β−1
βH − β−1 .
χ∗1(n) =
(Wn,p1(H))∑
i=1
G(p2(H))(i)−1∑
j=1
T (i,j)exc ,
T
(i,j)
exc j i
Qn T
+
δ P
ω
δ [ · | T+δ < T+root] ω Qn
(i, j) T
(i,j)
exc P ω i1 
= i2 (T (i1,j)exc )j≥1
(T
(i2,j)
exc )j≥1 Qn k ∈ Z n Zkn
χ∗1(n)/β
H Qn+k Zkn
χ∗1(n)/β
H Qn+k Z∞ := S∞1−β−1
∑ (W∞,p∞)
i=1 ei
(ei)i≥1
S∞ W∞
Zkn d−→ Z∞.
Z
E[Z1−ε] <∞, ε > 0,
n ∈ N k > −n Zkn  Z .
χ∗1(n)
χ∗1(n) = β
H
(Wn,p1(H))∑
i=1
1− β−H−1
1− β−1
βH − 1
βH − β−1
p2(H)
1− p2(H)
G(p2(H))(i)−1∑
j=1
T (i,j)exc ,
Zkn E[G(p2(H)) − 1] = (1 −
p2(H))/p2(H)
H
(1− β−H−1)(βH − 1)
(1− β−1)(βH − β−1) ≈
1
1− β−1 ,
G(p2(H))(i)−1∑
j=1
T (i,j)exc ≈ (G(p2(H))(i) − 1)Eωδ [Texc],
p2(H) (G(p2(H))
(i) − 1)/E[G(p2(H))(i) − 1] ≈ ei
Eωδ [T
(1,1)
exc ] ≈ S∞ H
(Wn, p1(H)) ≈ (W∞, p∞) Wn d−→ W∞ p1(H) →
p∞ H
(1) ξ > 0
Qn
[
(1− ξ) 1
1− β−1 ≤
1− β−H+1
1− β−1
βH − 1
βH − β−1 ≤
1
1− β−1
]
= 1,
n
Qn
Qn+k
(2) (4) P ωδ [·|T+δ < T+root]
h ĥω
ĥω(z) = P ωz [Tδ < Troot] ĥ
ω(δ) = 1 ĥω(root) = 0
0 H + 1 δ
root
ĥω(y) = ĥω(y ∧ δ) = β
H+1 − βy∧δ
βH+1 − 1 ,
y∧δ d(y∧δ, δ)
ĉ(0, 1) = 1
ĉ(i, i + 1) = ĉ(i− 1, i)Pωi [X1=i+1|T+δ <T+root]
Pωi [X1=i−1|T
+
δ <T
+
root]
1 ≤ i ≤ H,
ĉ(i, z) = ĉ(i, i − 1) Pωi [X1=z|T+δ <T+root]
Pωi [X1=i−1|T
+
δ <T
+
root]
i 
= 0 z
ĉ(y, z) = βĉ(←−y , y) y z
y 
= root z0 =
δ, . . . , zn = y δ y
ĉ(zn−1, y) =
n−1∏
j=1
P ωzj [X1 = zj+1|T+δ < T+root]
P ωzj [X1 = zj−1|T+δ < T+root]
,
ĉ(i, i + 1) = β−i
ĥ(i + 1)ĥ(i)
ĥ(1)ĥ(0)
= β−i
(1− βi−H)(1− βi−(H+1))
(1− β−H)(1− β−(H+1)) .
z
ĉ(z,←−z )= βd(←−z ,z∧δ) ĥ(z ∧ δ)
ĥ(z ∧ δ − 1)
c(z ∧ δ, z ∧ δ − 1)
= βd(
←−z ,z∧δ) 1− βz∧δ−(H+1)
1− βz∧δ−1−(H+1) c(z ∧ δ, z ∧ δ − 1).
Texc
T
(1,1)
exc
Eωδ [Texc] = 2
H−1∑
i=0
β−i
(1− βi−H)(1− βi−(H+1))
(1− β−H)(1− β−(H+1))
(
1 +
1− βi−(H+1)
1− β(i−1)−(H+1)Λi(ω)
)
Λi
S∞ H
0 ≤ S∞ − Eωδ [Texc] n
k ≤ hn/2 (1− β
k−hn)(1− βk−(hn+1))
(1− β−hn)(1− β−(hn+1)) ≥ 1− 2β
hn ,
S∞ − Eωδ [Texc] ≤ 2
(hn/2∑
i=0
β−i
(
1− (1− β
i−H)(1− βi−(H+1))
(1− β−H)(1− β−(H+1))
)
(1 + Λi)
)
+ 2
( ∞∑
i=hn/2+1
β−i(1 + Λi)
)
,
≤ 4β−hn/2
(hn/2∑
i=0
β−i(1 + Λi)
)
+ 2
( ∞∑
i=hn/2+1
β−i(1 + Λi)
)
.
S∞ ≥ 1
Qn
[
(1− ξ)S∞ < Eωδ [Texc] < S∞
]
≥ 1−Qn[S∞ − Eωδ [Texc] ≥ ξ]
≥ 1− 1
ξ
β−hn/2
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1− β−1 supi≥0 EQ[1 + Λi]
= 1 + o(1),
ε < 1/4 (4)
(2) Eωδ [T
2
1 ]
ω
A5(n) =
{
Eωδ [T
2
1 ] ≤ n
1−2ε
γ
}
,
0 < ε < min(1/3, 2γ/3)
Qn[A5(n)
c] → 0 .
y N(y)
y δ card{0 ≤ n ≤ T+δ |Xn = y}
P ωδ [·|T+δ < T+root]
Eωδ [T
2
exc] = E
ω
δ
[( ∑
y∈
N(y)
)2]
≤
∑
y,z∈
Eωδ [N(y)
2]1/2Eωδ [N(z)
2]1/2
=
( ∑
y∈
Eωδ [N(y)
2]1/2
)2
.
y q1 = P
ω
δ [T
+
y < T
+
δ |T+δ < T+root] q2 = P ωy [T+δ <
T+y |T+δ < T+root]
∀k ≥ 1, P ωδ [N(y) = k] = q1(1− q2)k−1q2.
Eωδ [N(y)
2] =
∑
n≥1
n2q1(1− q2)n−1q2 = q12− q2
q22
≤ 2q1
q22
.
π̂
ĉ q1 = π̂(δ)q1 = π̂(y)q2
Eωδ [N(y)
2] ≤ 2π̂(y)
q2
.
q2 ≥ (1/(Z1(y)β + 1))p∞β−d(δ,δ∧y)/2.
y
y y (1/(Z1(y)β + 1))
β−d(y,y∧δ) y ∧ δ y
1/2
−−→
y ∧ δ z z
y ∧ δ y −−→y ∧ δ p∞
δ
−−→
y ∧ δ
π β
T+δ < T
+
root π(δ) = 1
y π̂(y) ≤ π(y)
(Z1(y)β + 1)β
d(δ,δ∧y)−d(y,δ∧y) = π(y).
q2
Eωδ [N(y)
2] ≤ Cβd(δ,δ∧y)π(y)2,
Eωδ [T
2
exc]
1/2 ≤ C
∑
y∈
βd(δ,δ∧y)/2π(y).
A(n)
EQn [1{A(n)}Eωδ [T 2exc]
1
2 ] ≤ CEQn
[
1{A(n)}
h+n∑
i=0
β−i/2Λi
]
≤ C
h+n∑
i=0
(β1/2f ′(q))i
≤ C max(1, (β1/2f ′(q))h+n ),
(β1/2f ′(q))h
+
n = n(1+ε)(1/2γ−1)
Qn[1{A(n)}Eωδ [T 2exc]1/2 ≥ n
1−2ε
2γ ] ≤ 1
n
1−2ε
2γ
EQn [1{A(n)}Eωδ [T 21 ]1/2]
≤ C max(n− 1−2ε2γ , n3ε/(2γ)−1−ε).
ε 0 n→∞
P[A(n) ∩ A5(n)c] → 0
p2(H)
1− p2(H)
G(p2(H))−1∑
i=1
T (i)exc.
Ng =
⌊ −1
ln(1− p2(H))e
⌋
,
e
Ng G(p2(H))− 1
ξ > 0
Qn
[
(1− ξ)NgEωδ [Texc] ≤
Ng∑
i=1
T (i)exc ≤ (1 + ξ)NgEωδ [Texc]
]
≥1−Qn
[∣∣∣∑Ngi=1 T (i)exc
Ng
− Eωδ [Texc]
∣∣∣ > ξEωδ [Texc], Ng 
= 0, Eωδ [T 2exc] ≤ n(1−2ε)/γ]
−Qn[Eω[T 2exc] ≥ n(1−2ε)/γ]−Qn[Ng = 0]
≥EQn
[n(1−2ε)/γ
Ng
1{Ng 
= 0} 1
ξ2
]
−Qn[Eω[T 2exc] ≥ n(1−2ε)/γ]−Qn[Ng = 0].
Qn[Ng = 0] = p2(H) ≤ p2(hn) ≤ Cn−(1−ε)/γ lnn
EQn
[1{Ng 
= 0}
Ng
]
= E
[
− p2(H)
1− p2(H) ln p2(H)
]
≤ Cn−(1−ε)/γ(lnn)2.
ξ < 1
Qn
[
(1− ξ)NgEωδ [Texc] <
Ng∑
i=1
T (i)exc < (1 + ξ)NgE
ω
δ [Texc]
]
→ 1 .
(2) (3)
Qn
[
(1− ξ)
⌊ 1
− ln(1− p2(H))e
⌋
≤ 1− p2(H)
p2(H)
e ≤ (1 + ξ)
⌊ 1
− ln(1− p2(H))e
⌋]
≥1−Qn
[(1− p2(H)
p2(H)
− 1− ξ− ln(1− p2(H))
)
e < 1
]
−Qn
[(1− p2(H)
p2(H)
− 1 + ξ− ln(1− p2(H))
)
e > −2
]
,
∣∣∣1−pp − 1− ln(1−p) ∣∣∣ (0, ε1) M > 0
n p2(hn) < ε1
Qn
[
(1− ξ)
⌊ 1
− ln(1− p2(H))e
⌋
≤ 1− p2(H)
p2(H)
e ≤ (1 + ξ)
⌊ 1
− ln(1− p2(H))e
⌋]
≥1−Qn
[( ξ
− ln(1− p2(H)) −M
)
e < 1
]
−Qn
[(
− ξ− ln(1− p2(H)) + M
)
e > −2
]
≥ exp
(
− 2
ξ/(− ln(1− p2(hn)))−M
)
≥ 1− (C/ξ)p2(hn),
(3)
ξ ∈ (0, 1)
Qn
[
(1− ξ)S∞e ≤ p2(H)
1− p2(H)
Ng∑
i=1
Eω[T (i)exc] ≤ (1 + ξ)S∞e
]
→ 1
n→∞
Qn
[
(1− ξ) S∞e
1− β−1 ≤
1
βH
Ng∑
i=1
Eω[T (i)exc] ≤ (1 + ξ)
S∞e
1− β−1
]
→ 1
n → ∞ (2) (3) (4) k > −n
n n + k
Qn[H = ln(n + k)/ ln f ′(q)] ≥ ck > 0
Qn+k
[
(1− ξ) S∞e
1− β−1 ≤
1
βH
Ng∑
i=1
Eω[T (i)exc] ≤ (1 + ξ)
S∞e
1− β−1
]
→ 1.
(5) (Wn, p∞) (Wn, p1(H))
Qn+k[ (Wn, p∞) 
= (Wn, p1(H))]
≤
∑
j≥0
P[Wn = j]Qn+k[ (j, p∞) 
= (j, p1(H))]
≤
∑
j≥0
P[Wn = j]j
(
p1(h
0
n+k)− p∞)
)
≤E[Wn]
(
p1(h
0
n+k)− p∞
)
≤C (p1(h0n+k)− p∞)→ 0, n→∞
C := E[G(p∞/3)] ≥ E[Wn]
Qn+k
[ 1
βH
(Wn,p1(H))∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]
−Qn+k
[ 1
βH
(Wn,p∞)∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]
→ 0
ε1 > 0 N(ε1) maxn≤∞ P[Wn ≥ N(ε1)] ≤ (1−p∞/3)N(ε1) ≤ ε1
Wn n ∈ N ∪ {∞}
ε1 > 0∣∣∣∣∣∣Qn+k
[ 1
βH
(Wn,p∞)∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]
−Qn+k
[ 1
βH
(W∞,p∞)∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]∣∣∣∣∣∣
≤
∣∣∣∣∣∣
∑
j≥0
(P[Wn = j]− P[W∞ = j])Qn+k
[ 1
βH
(j,p∞)∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]∣∣∣∣∣∣
≤
∣∣∣∣∣∣
∑
j∈[0,N(ε1)]
(P[Wn = j]− P[W∞ = j])Qn+k
[ 1
βH
(j,p∞)∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]∣∣∣∣∣∣+ ε1
ε1 n
max
j≤N(ε1)
|P[Wn = j]− P[W∞ = j]| → 0,
ε1
Qn+k
[ 1
βH
(Wn,p1(H))∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]
−Qn+k
[ 1
βH
(W∞,p∞)∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]
→ 0
A(ξ) =
{
i ∈ [1, (W∞, p∞)],
1
βH
G(i)(p2(H))−1∑
j=1
T (i,j)exc ∈
[
(1− ξ) S∞
1− β−1ei, (1 + ξ)
S∞
1− β−1ei
]}
,
(ei)i≥1
G(i)(p2(H))− 1 =
⌊ −1
ln(1− p2(H))ei
⌋
.
o1(1)
Qn+k[A(ξ)] ≥
∑
i≥0
P[ (W∞, p∞) = i](1− o1(1))i
≥
∑
i≥0
P[ (W∞, p∞) = i](1− io1(1))
= 1− E[W∞]o1(1) → 1 n→∞ .
ξ > 0
Qn+k
[ 1
βH
(Wn,p1(H))∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ t
]
− P
[ S∞
1− β−1
(W∞,p∞)∑
i=1
ei ≥ t
1 + ξ
]
→ 0
Qn+k
[ 1
βH
(Wn,p1(H))∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc ≥ x
]
− P
[ S∞
1− β−1
(W∞,p∞)∑
i=1
ei ≥ t
1− ξ
]
→ 0
ξ 0
Zkn =
1
βH
(Wn,p1(H))∑
i=1
G(p2(H))−1∑
j=1
T (i,j)exc
d−→ S∞
1− β−1
(W∞,p∞)∑
i=1
ei,
Zkn χ∗1(n)/βH Qn+k ei
(Wn, p1(H))  G(p∞/3) Eωδ [T1]  T∞exc,
T∞exc δ δ
k > −n
Zkn 
1
βh
0
n+k
G(p∞/3)∑
i=1
G(p2(h0n+k))∑
j=1
T∞,(i,j)exc ,
(T
∞,(i,j)
exc )i,j≥1 T
∞
exc
∑G(a)
i=1 G(b)
(i)
G(ab)
βh
0
n+k ≥ cE[G(p∞p2(h0n+k)/3)],
c = c(β) > 0
Zkn 
C
E[G(p∞p2(h0n+k)/3)]
G(p∞p2(h0n+k)/3)∑
i=1
T∞,(i)exc .
(Xi)i≥0
E[X1] < ∞ Yi := (X1 + · · · + Xi)/i Y
i ≥ 0 Yi  Y ,
E[Y 1−ε] <∞ ε > 0
i ≥ 0
t ≥ 0, P [Yi > t] ≤ 1
t
E[X1].
Y P [Y > t] = min(1, E[X1]/t) x ≥ 0 Y
Yn (1− ε) ε > 0
T
∞,(i)
ext
P T
T t ≥ 0
P[Zkn ≥ t] ≤ P
[ C
E[G(p∞p2(h0n+k)/3)]
G(p∞p2(h0n+k)/3)∑
i=1
T∞,(i)exc ≥ t
]
≤
∑
k≥0
P[G(p∞p2(h
0
n+k)/3) = k]P
[ C
E[G(p∞p2(h0n+k)/3)]
k∑
i=1
T∞,(i)exc ≥ x
]
≤
∑
k≥0
P[G(p∞p2(h
0
n+k)/3) = k]P
[
C
k
E[G(p∞p2(h0n+k)/3)]
T ≥ t
]
≤ P
[
C
G(p∞p2(h
0
n+k)/3)
E[G(p∞p2(h0n+k)/3)]
T ≥ t
]
,
p∞p2(h
0
n+k)/3 < 1/3 a < 1/3
G(a)/E[G(a)]  3/2e
n ≥ 0 k > −n Zkn  CeT ,
e T (1 − ε)
ε > 0
β > 1 (Xi)i≥0
P [X1 ≥ n] ∼ CXβ−γn,
CX ∈ (0,∞) γ > 0
(X
(l)
i )i≥0
Xi Xi ≥ f(l) f : N → N l − f(l) →∞
(Z
(l)
i )i≥0,l≥0
Z
(l),(k)
i Z
(l)
i P [ · | X(l)i = l + k]
Z
(l),(k)
i = 0
k ∈ Z, l ≥ 0 F (l)k (x) := P [Z(l),(k)i > x],
Z∞
k ∈ Z l ≥ 0 Z(l),(k)i d−→ Z∞.
Z
l ≥ 0, k ≥ −(l − f(l)) i ≥ 0 Z(l),(k)i  Z ,
E[Zγ+ε] <∞ ε > 0
Y
(l)
i = Z
(l)
i β
X
(l)
i S(l)n =
n∑
i=1
Y
(l)
i ,
λ ∈ [1, β) (λl)l≥0 λ l ∈ N
N
(λ)
l =
⌊
λγl β
γ(l−f(l))
⌋
,
K
(λ)
l = λβ
l.
F∞(x) = P [Z∞ > x] Z∞
γ < 1 (1) (2)
λ ∈ [1, β) (λl)l≥0 λ,
S
(l)
N
(λ)
l
K
(λ)
l
→ I(dλ, 0,Lλ),
I Lλ
λ > 0 x ∈ R Lλ(x) = λγL1(λx) Lβ(x) = L1(x),
L1(x) =
⎧⎨⎩ 0 x < 0−(1− β−γ)∑
k∈Z
βγkF∞(xβ
k) x > 0
I(dλ, 0,Lλ) dλ
dλ = λ
1+γ(1− β−γ)
∑
k∈Z
β(1+γ)kE
[ Z∞
(λβk)2 + Z2∞
]
.
n(t) : [0,∞) → N t {Yk(t) : 1 ≤ k ≤ n(t)}
ε > 0
lim
t→∞
P [Y1(t) > ε] = 0.
L(x) : R \ {0} → R d ∈ R σ > 0
lim
t→∞
n(t)∑
k=1
Yk(t)
d−→ Xd,σ,L t→∞
Xd,σ,L I(d, σ,L)
τ > 0 Zτ (t) := Y1(t)1{|Y1(t)| ≤ τ} x
L
L(x) =
{
limt→∞ n(t)P [Y1(t) ≤ x] , x < 0,
− limt→∞ n(t)P [Y1(t) > x] , x > 0,
σ2 = lim
τ→0
lim sup
t→∞
(n(t) (Zτ (t))) ,
τ > 0 L(x)
d = lim
n→∞
n(t)E [Zτ (t)] +
∫
|x|>τ
x
1 + x2
dL(x)−
∫
τ≥|x|>0
x3
1 + x2
dL(x).
n(t)
λ ∈ [1, β) x > 0 Lλ
− lim
l→∞
N
(λ)
l P
[
Y
(l)
1
K
(λ)
l
> x
]
= Lλ(x).
Lλ Cλ = {(βkyn)/λ, k ∈ Z, n ∈ N}
{yn, n ∈ N} F∞
k ∈ Z a(l)k := P [X(l)1 ≥ l + k].
N
(λ)
l ∼ (λβl−f(l))γ
βγ(l−f(l))P
( Y (l)1
K
(λ)
l
> x
)
=
∑
k∈Z
1{k ≥ −(l − f(l))}F (l)k (λxβ−k)βγ(l−f(l))
(
a
(l)
k − a(l)k+1
)
.
l →∞
βγ(l−f(l))a
(l)
k → β−γk .
l − f(l) →∞ λxβk F∞ x > 0
Lλ k (1) k ∈ Z
1{k ≥ −(l − f(l))}F (l)k (λxβ−k)βγ(l−f(l))
(
a
(l)
k − a(l)k+1
)
→F∞(λxβ−k)β−γk(1− β−γ) l →∞ .
l
(2) βγ(l−f(l))a
(l)
k ≤ C1β−γk∑
k∈Z
1{k ≥ −(l − f(l))}F (l)k (λxβ−k)βγ(l−f(l))
(
a
(l)
k − a(l)k+1
)
≤C
∑
k∈Z
F (λxβ−k)β−γk,
F (x) = P [Z > x] k →∞
k → −∞ y > 0∑
k>0
E[1{Z > yβk}]βγk = E
[ ∑
0<k≤ln(Z /y)/ lnβ
βγk
]
≤ (1− β−γ)−1E[βγ ln(Z /y)/ lnβ] <∞,
E[Zγ+ε] <∞
l−f(l) →∞
− lim
l→∞
N
(λ)
l P
[
Y
(l)
1
K
(λ)
l
> x
]
= −λγ(1− β−γ)
∑
k∈Z
F∞(λxβ
k)βγk,
dλ
λ ∈ [1, β) ∫ τ
0
xdLλ
τ ∈ Cλ τ > 0
dλ = lim
l→∞
N
(λ)
l
K
(λ)
l
E
[
Y
(l)
1 1{Y (l)1 < τK(λ)l }
]
−
∫ τ
0
xdLλ +
∫ ∞
0
x
1 + x2
dLλ.
N
(λ)
l /K
(λ)
l ∼ (λβl)γ−1β−γf(l)
u > 0 G
(l)
k (u) = E
[
Z
(l)
1 1{Z(l)1 ≤ u}|X(l)1 = k + l
]
.
β(γ−1)l−γf(l)E
[
Y
(l)
1 1{Y (l)1 < τλβl}
]
=
∑
k∈Z
1{k ≥ −(l − f(l))}
[(
a
(l)
k − a(l)k+1
)
βγ(l−f(l))
]
βkG
(l)
k (τλβ
−k).
l−f(l) →∞ (1) k ∈ Z τ ∈ Cλ
1{k ≥ −(l − f(l))}
[(
a
(l)
k − a(l)k+1
)
βγ(l−f(l))
]
βkG
(l)
k (τλβ
−k)
→ (1− β−γ)β(1−γ)kG∞(τλβ−k),
G∞(x) = E[Z∞1{Z∞ ≤ x}].
l
u > 0
G
(l)
k (u) ≤ u β−(γ−1)kG(l)k (uβ−k) ≤ βεku1−γ−εE[Zγ+ε],
E[Y 1{Y ≤ s}] ≤ saE[Y 1−a1{Y ≤ s}] a = 1 −
γ − ε ∑
k∈Z
1{k ≥ −(l − f(l))}
[(
a
(l)
k − a(l)k+1
)
βγ(l−f(l))
]
βkG
(l)
k (τλβ
−k)
≤C
(
τλ
∑
k≥0
β−γk + (τλ)1−γ−εE[Zγ+ε]
∑
k<0
βεk
)
<∞,
(2) τ ∈ Cλ
lim
l→∞
N
(λ)
l
K
(λ)
l
E
[
Y
(l)
1 1{Y (l)1 < τK(λ)l }
]
= λγ−1(1− β−γ)
∑
k∈Z
βk(γ−1)G∞(τλβ
k).
τ ∈ Cλ∫ τ
0
xdLλ = λγ(1− β−γ)
∫
x≤τ
x
∑
k∈Z
βγkd(−F∞)(λxβk)
= λγ−1(1− β−γ)
∑
k∈Z
β(γ−1)k
∫
λxβk≤λτβk
λxβkd(−F∞)(λxβk)
= λγ−1(1− β−γ)
∑
k∈Z
β(γ−1)kG∞(τλβ
k),
dλ =
∫ ∞
0
x
1 + x2
dLλ
=λγ(1− β−γ)
∫ ∞
0
x
1 + x2
∑
k∈Z
βγkd(−F∞)(λxβk)
=λ1+γ(1− β−γ)
∑
k∈Z
β(1+γ)k
∫ ∞
0
λxβk
(λβk)2 + (λxβk)2
d(−F∞)(λxβk)
=λ1+γ(1− β−γ)
∑
k∈Z
β(1+γ)kE
[ Z∞
(λβk)2 + Z2∞
]
.
C1(λ)β
−εkE[Zγ+ε] C2(λ)β
γk C1(λ) = maxx≥0 (x
1−γ/(λ2 + x2)) C2(λ) =
maxx≥0 x/(λ
2 + x2) k → ∞
k → −∞ dλ
λ ∈ [1, β)
σ2 = lim
τ→0
lim sup
l→∞
N
(λ)
l
(K
(λ)
l )
2
(
Y
(l)
1 1{Y (l)1 ≤ τK(λ)l }
)
= 0.
lim
l→∞
N
(λ)
l
(K
(λ)
l )
2
E
[
Y
(l)
1 1{Y (l)1 ≤ τK(λ)l }
]
= 0.
N
(λ)
l /(K
(λ)
l )
2 ∼ (λβl)γ−2β−γf(l)
u ≥ 0 H(l)k (u) = E
[(
Z
(l)
1
)2
1{Z(l)1 ≤ u} | X(l)1 = k + l
]
.
β(γ−2)l−γf(l)E
[(
Y
(l)
1
)2
1{Y (l)1 < τλβl}
]
=
∑
k∈Z
1{k ≥ −(l − f(l))}β(γ−2)l−γf(l)β2(k+l)H(l)k (τλβ−k)
(
a
(l)
k − a(l)k+1
)
.
a
(l)
k β
γ(l−f(l)) ≤ C1β−γk
C1β
(2−γ)kH
(l)
k (τλβ
−k) H
(l)
k (u) ≤ u2
β(2−γ)kH
(l)
k (τλβ
−k) ≤ β−γk(τλ)2,
k ≥ 0 (2)
β(2−γ)kH
(l)
k (τλβ
−k) ≤ βεk(τλ)2−γ−εE[Zγ+ε].
lim sup
l→∞
N
(λ)
l
(K
(λ)
l )
2
(Y
(l)
1 1{Y (l)1 ≤ τK(λ)l }) ≤ C2τ 2−γ−ε,
C2 ε λ τ
(2) ε
2− γ − ε > 0
ε < min(1/4, 2γ/3) λ > 0
k ∈ N nλ(k) = λf ′(q)−k.
(λl)l≥0 λ
1
λβk
λγ
nλ(k)
βγ(k−f(k))∑
i=1
χ∗i (nλ(k))
d−→ Ydλ,0,Lλ ,
f(k) := hnλ(k) = −(1 − ε) ln(nλ(k))/ ln f ′(q) Ydλ,0,Lλ
I(dλ, 0,Lλ)
Z∞
χ∗i (n) χi(n)
(1+o1(1))λρCaf ′(q)
−(k−hnλ(k)
)
∑
i=1
χi(nλ(k))  χnλ(k) 
(1+o2(1))λρCaf ′(q)
−(k−hnλ(k)
)
∑
i=1
χi(nλ(k)),
1 + o1(1) = (1− n˜−ε/4)ρn
ρ
n
λf ′(q)−k
f ′(q)hen
f ′(q)hn
1 + o2(1) = (1 + 2n
−ε/4)
ρn
ρ
n
λf ′(q)−k
,
n nλ(k) = λf ′(q)−k n˜ = n− (−2 lnn/ ln f ′(q))
χ(n)
λ > 0
χ(nλ(k))
(ρCanλ(k))1/γ
d−→ Yd
(ρCaλ)
1/γ ,0,L(ρCaλ)1/γ
,
Yd
(ρCaλ)
1/γ ,0,L(ρCaλ)1/γ
I(d(ρCaλ)1/γ , 0,L(ρCaλ)1/γ )
βγ = 1/f ′(q)
Δnλ(k)
(ρCanλ(k))1/γ
d−→ Yd
(ρCaλ)
1/γ ,0,L(ρCaλ)1/γ
,
I(dλ, 0,Lλ)
lim
x→0
L1(x) = −∞
(Δn/n
1/γ)n≥0
λ ∈ [1, β) x ∈ R+ L1(x) = λγL1(λx).
λ = β1/3 x = β−2/3∑
k∈Z
f ′(q)−kP [Z∞ > βk−2/3] = f ′(q)−1/3
∑
k∈Z
f ′(q)−kP [Z∞ > βk−1/3].
β → ∞
k ≥ 1
P[Z∞ > βk−1/3] ≤ β1/3−kE[Z∞] ≤ β1/3−kE[S∞]E[G(p∞/3)] = β−(k−1)O(β−1/3),
β → ∞ O(β−1/3) = β−2/3E[S∞]E[G(p∞/3)] k
E[S∞] β
P[Z∞ > βk−2/3] = β−(k−1)O(β−1/3),
O(·) k ≥ 1
lim
β→∞
∞∑
k=1
f ′(q)−kP [Z∞ > βk−2/3] = 0 = lim
β→∞
∞∑
k=1
f ′(q)−kP [Z∞ > βk−1/3].
k ≤ 0
P[Z∞ > βk−1/3] ≤ P[Z∞ > 0] ≤ P[ (W∞, p∞) > 0],
S∞ ≥ 1
{Z∞ > 0} Z∞ ≥ S∞e1 ≥ e1,
e1 {Z∞ > 0} = { (W∞, p∞) > 0}
P[Z∞ > βk−1/3] = 1− P[Z∞ ≤ βk−1/3]
≥ 1− P[ (W∞, p∞) = 0]− P [e1 ≤ β−1/3]
= P[ (W∞, p∞) > 0] + o(1),
β →∞
P[Z∞ > βk−1/3] = P[ (W∞, p∞) > 0] + o(1),
o(·) k
P[Z∞ > βk−2/3] = P[ (W∞, p∞) > 0] + o(1)
β →∞
lim
β→∞
∑
k∈Z
f ′(q)−kP [Z∞ > βk−2/3] = lim
β→∞
1
1− f ′(q)P [ (W∞, p∞) > 0]
lim
β→∞
∑
k∈Z
f ′(q)−kP [Z∞ > βk−1/3] = lim
β→∞
1
1− f ′(q)P [ (W∞, p∞) > 0] .
lim
β→∞
1
1− f ′(q)P [ (W∞, p∞) > 0] = limβ→∞ f
′(q)−1/3
1
1− f ′(q)P [ (W∞, p∞) > 0] .
P [ (W∞, p∞) > 0] → 0 β →∞
P [ (W∞, p∞) > 0] > p∞P[W∞ ≥ 1] > c > 0,
c β
β I(d1, 0,L1)
lim
M→∞
lim sup
n→∞
P
[ Δn
n1/γ
/∈ [1/M,M ]
]
= 0.
(Δn/n
1/γ)n≥0
lim
M→∞
lim sup
n→∞
P
[ |Xn|
nγ
/∈ [1/M,M ]
]
= 0,
(|Xn|/nγ)n≥0
n ∈ [f ′(q)−k, f ′(q)−(k+1))
P
[
Δn
n1/γ
/∈ [1/M,M ]
]
≤P
[
Δf ′(q)−k
(f ′(q)−kρCa)1/γ
<
M
(f ′(q)ρCa)1/γ
]
+ P
[
Δf ′(q)−(k+1)
(f ′(q)k+1ρCa)1/γ
>
1
M(f ′(q)−1ρCa)1/γ
]
]
.
lim sup
n
P
[
Δn
n1/γ
/∈ [1/M,M ]
]
≤ P
[
Yd
(ρCa)
1/γ ,0,L(ρCa)1/γ
/∈
[
1
M(f ′(q)−1ρCa)1/γ
,
M
(f ′(q)ρCa)1/γ
]]
.
Yd
(ρCa)
1/γ ,0,L(ρCa)1/γ
I(d(ρCa)1/γ , 0,L(ρCa)1/γ )
I(dx, 0,Lx)
0
lim
M→∞
P [Ydx,0,Lx /∈ [1/M,M ]] = 0,
n ≥ 0 nγ = λ0f ′(q)−i0 i0 ∈ N
λ0 ∈ [1, 1/f ′(q)) i ∈ N |Xn|
nγ
P
[ |Xn|
nγ
≥ λ−10 f ′(q)−i
]
≤ P[Δ(λ−10 f ′(q)−i)(λ0f ′(q)−i0 ) < (λ0f
′(q)−i0)1/γ]
= P
[ Δf ′(q)−i−i0
(ρCaf ′(q)−i−i0)1/γ
< (λ0ρCaf
′(q)−i)−1/γ
]
.
ε > 0 i (ρCaf
′(q)−i)−1/γ < ε
P
[ |Xn|
nγ
≥ f ′(q)−i−1
]
≤ P
[ |Xn|
nγ
≥ λ−10 f ′(q)−i
]
≤ P
[ Δf ′(q)−i−i0
(ρCaf ′(q)−i−i0)1/γ
< ε
]
.
n i0 ε > 0
i lim sup
n
P
[ |Xn|
nγ
≥ f ′(q)−i−1
]
≤ P [Yd1,0,L1 ≤ ε],
lim sup
M→∞
lim sup
n→∞
P
[ |Xn|
nγ
≥M
]
≤ lim sup
ε→0
P [Yd1,0,L1 ≤ ε] = 0 .
|Xn| nγ
(n) = max
i<j≤n
(|Xi| − |Xj|) ,
(n) ≤ max
2≤i≤n
(τi − τi−1) ∨ τ1 .
τ1 τ2 − τ1
P
[
(n) ≥ nγ/2] ≤ Cn exp(−cnγ/2).
(1/M)nγ n
nγ/2 (2/M)nγ M > 0
P
[ |Xn|
nγ
< 1/M
]
≤ P[ (n) ≥ nγ/2] + P
[
Δ(2/M)nγ
(ρCa2/M)1/γn
> (ρCa2/M)
1/γ
]
.
lim
M→∞
lim sup
n→∞
P
[ |Xn|
nγ
< 1/M
]
≤ lim inf
M→∞
P [Yd1,0,L1 ≥M ] = 0.
lim
M→∞
lim sup
n→∞
P
[ |Xn|
nγ
/∈ [1/M,M ]
]
= 0,
P
[
lim
n→∞
ln |Xn|
lnn

= γ
]
≤ P
[
lim sup
n→∞
ln |Xn|
lnn
> γ
]
+ lim
M→∞
P
[
lim inf
n→∞
|Xn|
nγ
≤ 1
M
]
P
[
lim inf
n→∞
|Xn|
nγ
<
1
M
]
≤ lim inf
n→∞
P
[ |Xn|
nγ
< 1/M
]
,
M
P
[
lim
n→∞
ln |Xn|
lnn

= γ
]
≤ P
[
lim sup
n→∞
ln |Xn|
lnn
> γ
]
.
ε > 0
P
[
lim sup
n→∞
ln |Xn|
lnn
> (1 + 2ε)γ
]
≤ P
[
lim sup
n→∞
|Xn|
n(1+ε)γ
≥ 1
]
≤ P
[
lim sup
n→∞
supi≤n |Xi|
n(1+ε)γ
≥ 1
]
.
D′(n) =
{
max

 ∈ ∪i=0,...,ΔYn LYi
H(
) ≤ 4 lnn− ln f ′(q)
}
.
t(n) στt(n) ≤ n < στt(n)+1
ω ∈ D′(n) |Xστt(n) | ≤ |Xn| ≤ |Xστt(n)+1 |+
4 lnn
− ln f ′(q) ,
B1(n)
ω ∈ B1(n) |Xστt(n)+1 | ≤ |Xστt(n) |+ nε.
P[D′(n)c] ≤ P[A1(n)c] + P
[
A1(n), card∪Δ
Y
n
i=1LYi > n
2
]
+ P
[
card∪ΔYni=1LYi ≤ n2, D′(n)c
]
≤ O(n−2) + P
[C1n∑
i=0
cardL
(i)
0 > n
2
]
+ n2Q
[
H ≥ 4 lnn− ln f ′(q)
]
≤ O(n−2) + n−4
(C1n∑
i=0
cardL
(i)
0
)
+ n2n−4 = O(n−2),
cardL
(i)
0 L
2
Z L2
ω ∈ B1(n)∩D(n)
ε < γ
P
[
lim sup
n→∞
supi≤n |Xi|
n(1+ε)γ
≥ 1
]
≤ P
[
lim inf
n→∞
( |Xστt(n) |
n(1+ε)γ
+ o(1)
)
≥ 1
]
.
|Xστt(n) | ≤ |Xn|
P
[
lim
n→∞
supi≤n |Xi|
n(1+ε)γ
≥ 1
]
≤ P
[
lim inf
n→∞
|Xστt(n) |
n(1+ε)γ
≥ 1
]
≤ lim inf
n→∞
P
[ |Xn|
n(1+ε)γ
≥ 1
]
≤ lim inf
M→∞
lim inf
n→∞
P
[ |Xn|
nγ
≥M
]
= 0,
ε > 0
P
[
lim
n→∞
ln |Xn|
lnn

= γ
]
≤P
[
lim sup
n→∞
ln |Xn|
lnn
> γ
]
≤ lim inf
ε→0
P
[
lim sup
n→∞
ln |Xn|
lnn
> (1 + 2ε)γ
]
= 0,
Z∞ = S∞
1− β−1
(W∞,p∞)∑
i=1
ei,
S∞ W∞
ei S˜∞ = S∞/p∞ ν∞ αk =
P[ (W∞, p∞) = k] k = 0, 1, 2, . . . S˜∞ (W∞, p∞)
Z∞ ϕ
E[ϕ(Z∞)] = α0ϕ(0) +
∞∑
k=1
∞∫
0
⎛⎝ ∞∫
0
ϕ(su)e−u
uk−1
(k − 1)!du
⎞⎠ ν∞(ds)αk
= α0ϕ(0) +
∞∑
k=1
∞∫
0
⎛⎝ ∞∫
0
ϕ(v)e−v/s
vk−1
(k − 1)!
1
sk
dv
⎞⎠ ν∞(ds)αk
= α0ϕ(0) +
∞∫
0
ϕ(v)
∞∑
k=1
αk
vk−1
(k − 1)!EQ
[
e−v/
eS∞
(
S˜∞
)−k]
dv
0 < α0 < 1 Z∞
α0 0 Z∞ Z∞ > 0
ψ
ψ(v) =
∞∑
k=1
αk
vk−1
(k − 1)!EQ
[
e−v/
eS∞
(
S˜∞
)−k]
= EQ
[
1
S˜∞
e−v/
eS∞
∞∑
k=1
αk
(k − 1)!
(
v
S˜∞
)k−1]
S∞ ≥ 2 lim sup 1k logαk < 0 ψ
C∞ S∞ W∞ Z∞
∞∫
0
vψ(v)dv <∞ .
∞∫
0
v1+γ|ψ′(v)|dv <∞ .
ψ′(v)
EQ
[
−1
(S˜∞)2
e−v/
eS∞
∞∑
k=1
αk
(k − 1)!
(
v
S˜∞
)k−1
+
1
(S˜∞)2
e−v/
eS∞
∞∑
k=2
αk
(k − 2)!
(
v
S˜∞
)k−2]
α := lim sup
(
α
1/k
k
)
< 1
|ψ′(v)| ≤ C1EQ
[
1
(S˜∞)2
e−(1−α)v/
eS∞
]
.
δ ∈ (0, 1)
EQ
[
1
(S˜∞)2
e−(1−α)v/
eS∞
]
≤ EQ
[
e−(1−α)v/
eS∞1{S˜∞ < v1−δ}
]
+ EQ
[
1
(S˜∞)2
1{S˜∞ ≥ v1−δ}
]
≤ e−(1−α)vδ + 1
v3−3δ
EQ
[
S˜∞
]
δ 3δ + γ < 1
L1
x > 0
−(1− β−γ)−1L1(x) =
∑
k∈Z
βγkF∞(xβ
k)
=
∑
k∈Z
βγk
∞∫
xβk
ψ(v)dv
=
∞∫
0
(∑
k∈Z
βγk1{v ≥ xβk}
)
ψ(v)dv .
∑
k∈Z
βγk1{v ≥ xβk} =
∑
k≤K(v/x)
βγk =: g
(v
x
)
u = v
x
K(u) =  log u
log β

g(u) =
βγ(K(u)+1)
βγ − 1 .
x > 0
−(1− β−γ)−1L1(x) =
∞∫
0
g
(v
x
)
ψ(v)dv = x ·
∞∫
0
g(u)ψ(xu)du .
g(u) uγ u→∞
L1 C1
Lλ
1
βγ − 1u
γ ≤ g(u) ≤ β
γ
βγ − 1u
γ
L
∞∫
−∞
dL (x) = ∞
L1 (x) = L1(x) lim
x→0
L1(x) = −∞ μλ
Lλ

5Z
d
p
p = 1
Z
d
Z
d
p = 1
Z
d
E(Zd)
Z
d d ≥ 2 p ∈ (0, 1)
ω ∈ Ω := {0, 1}E(Zd)
p 1 − p
Pp = (pδ1 + (1− p)δ0)⊗E(Zd).
e ω ω(e) = 1
ω(e) = 0 Zd ω
Z
d
p > pc(d) pc(d) ∈ (0, 1)
Z
d
K∞(ω) Pp Pp
I = { K∞(ω) 0}.

 = λ
 λ > 0

 Rd
ω ∈ Ω P ωx Zd
pω(x, y) x, y ∈ Zd
X0 = x P
ω
x
pω(x, x) = 1 x ω
pω(x, y) =
cω(x, y)∑
z∼x c
ω(x, z)
x ∼ y x y Zd
x, y ∈ Zd cω(x, y) =
{
e(y+x)· x ∼ y ω({x, y}) = 1,
0
πω(x) =
∑
y∼x
cω(x, y).
cω(x, y) x y ω
e = [x, y] ∈ E(Zd)
cω(e) = cω(x, y) rω(e) = 1/cω(e)
Pp = Pp[ · | I ]× P ω0 [ · ]
d ≥ 2 p ∈ (pc(d), 1) 
 ∈ Rd∗ v(p) ∈ Rd
ω −Pp[ · | I ]− , lim
n→∞
Xn
n
= v(p), P
ω
0 − .
λ1(p, d, 
), λ2(p, d, 
) ∈ R+
λ = 
 · 
 < λ1(p, d, 
) v(p) · 
 > 0
λ = 
 · 
 > λ2(p, d, 
) v(p) = 0
p = 1
ω
x, y ∈ Zd Gω(x, y) := Eωx
[∑
n≥0
1{Xn ∈ y}
]
.
v(1) =
∑
e∈ν p(e)e ω0
p = 1 p(e) = pω0(0, e) ν Zd
d ≥ 2 p ∈ (pc(d), 1) 
 ∈ Rd∗
v(1− ε) = v(1)− ε
∑
e∈ν
(v(1) · e)(Gωe0(0, 0)−Gωe0(e, 0))(v(1)− de) + o(ε),
e ∈ ν
f ∈ E(Zd) ωe0(f) = 1{f 
= e} de =
∑
e′∈ν
pω
e
0(0, e′)e′,
[0, e]
0
Je = Gω0(0, 0) − Gω0(e, 0) e ∈ ν
v′(1) =
∑
e∈ν
(v(1) · e) p(e)J
e
1− p(e)Je − p(−e)J−e (e− v(1)),
e ∈ ν v(1) · e > 0 v(1) · e ≥ ||v(1)||22
v(1) · v′(1) > 0,
p = 1

 ∈ ν

 = λ
 λ < λc(
) λc(
) > 0
p 1

 μ > 1
ε0 = ε0(
, μ) > 0
vμ(1− ε) · 
 > v(1− ε) · 
 ε < ε0.
1 − ε p
ε < 1/2 1− ε > pc(d) d ≥ 2
{x ↔ y} x y ω
{x ω↔ y} Kω(x)
x ω
V Zd |V | E(V ) = {[x, y] ∈
E(Zd) | x, y ∈ V }
∂V = {x ∈ V | y ∈ Zd \ V, x ∼ y}, ∂EV = {[x, y] ∈ E(Zd) | x ∈ V, y /∈ V },
B E(Zd)
∂B = {x | ∃ y, z, [x, y] ∈ B, [x, z] /∈ B}, ∂EB = {[x, y] | x ∈ ∂B, y /∈ ∂B ∪ V (B)},
V (B) = {x ∈ Zd | ∃y ∈ Zd [x, y] ∈ B}
G Zd Zd dG(x, y)
G Zd x y x y
G dG(x, y) = ∞ dω(x, y)
{x↔ y} x ∈ G k ∈ N k
BG(x, k) = {y ∈ G, dG(x, y) ≤ k} BEG(x, k) = E(BG(x, k)),
G = Zd
(e(i))i=1...d Z
d e(1) · 
 ≥ e(2) · 
 ≥
· · · ≥ e(d) · 
 ≥ 0 e(1) · 
 ≥ 1/√d
ρd
r ≥ 1 |B(x, r)| ≤ ρdrd |∂B(x, r)| ≤ ρdrd−1.
A1, A2 ∈ E(Zd) B1 ∈ {0, 1}A1 B2 ∈ {0, 1}A2 ωA1,B1A2,B2
ωA1,B1A2,B2 ([x, y]) = ω([x, y]) [x, y] /∈ A1 ∪ A2
ωA1,B1A2,B2 ([x, y]) = 1{[x, y] /∈ B1} [x, y] ∈ A1
ωA1,B1A2,B2 ([x, y]) = 1{[x, y] /∈ B2} [x, y] ∈ A2 \ A1
A1 A2
B1 B2 A1 A2
A1 k1, k2 ≥ 1 z1, z2 ∈ Zd B1, B2 ∈ {0, 1}BE(z1,k)×
{0, 1}BE(z2,k)
ω
(z1,k1),B1
(z2,k1),B2
:= ω
BE(z1,k1),B1
BE(z2,k2),B2
B1, B2 ∈ {0, 1}ν ωz1,B1z2,B2 := ω
(z1,1),z+B1
(z2,1),z+B2
,
ωA,1 := ωA,∅ ωA,0 := ωA,A,
A
ω(z,k),1 := ωB
E(z,k),∅
ω ∈ Ω z
C(z) = {e ∈ ν, ω([z, z + e]) = 0},
z
e ∈ ν A ∈ {0, 1}ν
pA(e) = pω
0,ν\A
(0, e), c(e) = cω
0,1
(e) πA = πω
0,ν\A
(0).
κ0 = κ0(
, d) > 0
κ0 = min
A∈{0,1}ν ,e/∈A
pA(e),
κ1 = κ1(
, d) > 0
1
κ1
πω
z,A
(z) ≤ e2λz. ≤ κ1πωz,A(z),
A ∈ {0, 1}ν \ ν z ∈ Zd
τδ 1− δ
A ⊂ Zd
TA = inf{n ≥ 0, Xn ∈ A} T+A = inf{n ≥ 1, Xn ∈ A},
z ∈ Zd Tz T+z T{z} T+{z}
Ci γi
(0,∞)
d 

x, y ∈ Zd P δ < 1
1− δ
GPδ (x, y) := E
P
x
[ ∞∑
k=0
δk1{Xk = y}
]
Gωδ (x, y) := G
Pω
δ (x, y),
P ω
ω
0
P1−ε[ · | I ] z ∈ Zd δ < 1 e ∈ ν
p̂εδ(z, e) =
E1−ε[G
ω
δ (0, z)p
ω(z, e)|I]
E1−ε[Gωδ (0, z)|I]
.
(p̂εδ(z, e))z∈Zd,e∈ν
Z
d
z ∈ Zd δ < 1
E1−ε
[
Gωδ (0, z)|I
]
= G
bpεδ
δ (0, z).
δ < 1
0 < ε < 1− pc(Zd)
lim
δ→1
∑
z∈Zd G
bωεδ
δ (0, z)d̂
ε
δ(z)∑
z∈Zd G
bωεδ
δ (0, z)
= lim
δ→1
E[Xτδ ]
E[τδ]
= v(1− ε),
d̂εδ(z) =
∑
e∈ν
p̂εδ(z, e)e
Cεδ d̂
ε
δ(z) z ∈ Zd
ε > 0 v(1− ε) Cεδ
δ
ε E1−ε[ · ]
d̂εδ(z)
z
d̂εδ(z) =
∑
e∈ν
∑
A⊂ν
E
[
1{I}1{C(z) = A}Gωδ (0, z)p(z, e)e
]
E
[
1{I}Gωδ (0, z)
]
=
∑
A⊂ν, A 
=ν
E
[
1{I}1{C(z) = A}Gωδ (0, z)
]
E
[
1{I}Gωδ (0, z)
] dA
=
∑
A⊂ν, A 
=ν
P[C(z) = A]
E
[
1{I}Gωδ (0, z)|C(z) = A
]
E
[
1{I}Gωδ (0, z)
] dA,
dA =
∑
e∈A
pA(e)e A
P[C(z) = A] ∼ ε|A| A ∈ ν d̂εδ(z) ε
0 {C(z) = ∅}
E
[
1{I}Gωδ (0, z)|C(z) = A
]
E
[
1{I}Gωδ (0, z)
] = E
[
1{I(ωz,A)}Gωz,Aδ (0, z)
]
E
[
1{I}Gωδ (0, z)
] ,
z ∈ Zd A ∈ {0, 1}ν \ ν δ < 1 z δ
|v(1− ε)− d∅| = O(ε)
γ1E[1{I(ωz,1)}Gωz,1δ (0, z)]
z
A ∈ {0, 1}ν
E
[
1{I(ωz,A)}Gωz,Aδ (0, z)
]
≤ γ2E
[
1{I(ωz,1)}Gωz,1δ (0, z)
]
.
Gωδ (0, z) = P
ω
0 [Tz < τδ]G
ω
δ (z, z)
Gωδ (z, z) z
Gω
z,ν\A
δ (z, z) ≤ Gω
z,1
δ (z, z)+Lz(ω) Lz(ω)
z
z
z Gω
z,1
δ (z, z)
1{I}P ω0 [Tz < τδ] ≤ 1{I(ωz,1)}P ωz,10 [Tz < τδ]
Lz
E[1{I}P ω0 [Tz < τδ]Lz(ω)] ≤ γ3E[1{I}P ω0 [Tz < τδ]]
γ3 Lz
x
x ∈ Zd H ′
H RH(x ↔ H ′) V (H ′) H ′
RH(x↔ H ′) = inf
{∑
e∈H
r(e)θ2(e), θ(·) x V (H ′)
}
,
x V (H ′)
ω x y Rω(x↔ y)
ω ∈ Ω Δ x
K∞(ω) x Δ 1 − δ
ω(δ) πω(δ)(x)
x ω(δ) Rω(δ)(x↔ Δ)
Rω(δ)(x ↔ ω \ ωn) ωn ω
πω(δ)(x) =
πω(x)
δ
rω(δ)([x,Δ]) =
1
πω(δ)(x)
1
1− δ =
1
πω(x)
δ
1− δ .
[x, y]
rω(δ)([x,Δ]) rω(δ)([y,Δ])
Rω(x↔ Δ) := Rω(δ)(x↔
Δ) x ∈ Zd rω(e) := rω(δ)(e) e ω(δ)
δ < 1
Gωδ (x, x) = π
ω(δ)(x)Rω(x↔ Δ).
z
x
A = BE(x, r) Δ
B ∈ {0, 1}A
Rω
A,B
(x↔ Δ) RωA,∅(x↔ Δ)
x
x K
x
K
Δ x K
x


K∞
deleted edge
inﬁnite clusterx
K∞
Δ
K
x
Gδ(x, x)
A = BE(x, r)
MA(ω) =
⎧⎨⎩∞ ∀y ∈ ∂A, y /∈ K∞(ω
A,0),
max
y1,y2∈∂A∩K∞(ωA,0)
dωA,0(y1, y2)
∂A∩K∞(ωA,0)
ωA,0 K∞(ω
A,0)
P
x
MA
Δ K
ωA,0
∂A
TA(ω) =
⎧⎨⎩0 ∀y ∈ ∂A, y ∈ K∞(ω
A,0),
max
y∈∂A, y/∈K∞(ωA,0)
|∂EKωA,0(y)|
K
Δ
x
Δ x K
x
K x η ≥ 1 d


n ≥ 1 e2λ(η−1)n ≥ κ21(1 + |B(0, n)|),
H ′A(ω) {y, y ·
 ≥ x·
+ηTA(ω)}
x
H ′A
x
K∞
A = BE(x, r) L1A(ω)
y ∈ ∂A ∂B(x, L1A(ω)) ωA,0
BE(x, L1A(ω)) ∩ ωA,0
L1A(ω) < ∞
∂A ∂B(x, L1A(ω)) ω
A,0
ωA,0
B(x, L1A(ω)) ∩ ωA,0
HA(ω) {y, y · 
 ≥ x · 
 + ηL1A(ω)}
LA(ω)
∂A HA(ω) B
E(x, LA(ω)) ∩ ωA,0
∂A BE(x, LA(ω)) ∂A ∩K∞ = ∅
Lz,k := LBE(z,k) Lz = Lz,1.
LA MA
dω(x,H
′
A) x ∈ K∞
A = BE(x, r) Fx,n σ {ω(e), e ∈
BE(x, n)}
LA(ω) A
LA(ω) (Fx,n)n≥0 {LA(ω) =
k} BE(x, k)c = E(Zd) \BE(x, k)
r ≤ LA(ω) <∞ P
A = BE(x, r) r ≥ 1 δ < 1 ω ∈ Ω
y ∈ K∞(ω) ∂A ∩K∞(ω) 
= ∅
Rω(y ↔ Δ) ≤ RωA,1(y ↔ Δ) + C1LA(ω)C2e2λ(LA(ω)−x·),
C1 C2 d 

∂A ∩K∞(ωA,0) B(x, LA)
x HA B(x, LA)
A+ = B(x, r) ∪
⋃
a∈∂A,a/∈K∞(ωA,0)
KωA,0(a) A
+,δ =
⋃
a∈A+
{[a,Δ]},
A− = B(x, r − 1) ∪
⋃
a∈∂A,a/∈K∞(ωA,0)
KωA,0(a) A
−,δ =
⋃
a∈A−
{[a,Δ]}.
ωn ω n0 B(x, LA(ω)) ∩ ω ⊂ ωn0 y
∂A ωn0 n ≥ n0 θ(·) y ω(δ) \ ωn
ωn(δ)
Rω(δ)(y ↔ ω(δ) \ ωn)−RωA,1(δ)(y ↔ ωA,1(δ) \ ωA,1n )
≤
∑
e∈ω(δ)
(rω(e)θ(e)2 − rωA,1(e)i0(e)2),
i0(·) z ωA,1(δ) \ ωA,1n
θ(·) i0(·)
ω
A
a ∈ ∂A iA0 (a) =
∑
e∈ν,[a,a+e]∈A i0([a, a + e])
A a ∂A
a1, . . . , ak ∂A ∩K∞(ωA,0) iA0 (a) ≥ 0
ak+1, . . . , al ∂A ∩K∞(ωA,0) iA0 (a) < 0
al+1, . . . , am ∂A \K∞(ωA,0)
i+0 (Δ) =
∑
e∈A+,δ
i0(e) i
−
0 (Δ) =
∑
e∈A−,δ
i0(e).
y ∈ K∞(ωA,0) y /∈ B(x, r − 1)
e ∈ E(Zd) |i0(e)| ≤ 1
B(x, r − 1) B(x, r − 1)∑
i≤k
iA0 (ai) = i
−
0 (Δ)−
∑
j∈[k+1,l]
iA0 (aj).
ν(i, j)
i ∈ [1, k] j ∈ [k + 1, l] ∪ {Δ}
i, j ν(i, j) ∈ [0, 1]
j ∈ [k + 1, l] ∑i≤k ν(i, j) = −iA0 (aj)
i ∈ [1, k] ∑j∈[k+1,l]∪{Δ} ν(i, j) = iA0 (ai)∑
i≤k ν(i,Δ) = i
−
0 (Δ)
B(x, r − 1)
P(i, j) ai aj ωA,0∩BE(x, L1A(ω))
Q ∂A HA(ω) ωA,0 ∩ BE(x, LA(ω))
aj0 j0 ≤ l h1
L1A LA HA
∂A ∩K∞ 
= ∅
rω([a,Δ]) rω
A,1
([a,Δ])
a ∈ ∂A
θ0(e) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
0 e ∈ A+,δ,
0 e ∈ E(A+),
i0(e) + i
+
0 (Δ) e = [h1,Δ],
i0(e) +
∑
i≤k,j∈[k+1,l] ν(i, j)1{e ∈ P(i, j)}
+
∑
i≤k ν(i,Δ)1{e ∈ P(i, j0)}+ i+0 (Δ)1{e ∈ Q}
+
∑
i≤l i0([ai,Δ])1{e ∈ P(i, j0)}
y
B(x, LA)
A
∞
h0
Δ
Q
P(i, j)
P(k, j0)
θ0(·) y ∈ K∞(ωA,0)
i0(·)
A A Δ aj0 h1 Δ
θ0(·) y ω(δ) \ ωn
|θ0(e)| ≤ 5 |∂A|2 e ∈ E(Zd)
θ0(·) i0(·) E(A+) A+,δ Q [h1,Δ] P(i, j)
i, j ≤ k + l
rω(·) rωA,1(·) E(A+) A+,δ
Rω(δ)(y ↔ ω(δ) \ ωn)−RωA,1(δ)(y ↔ ωA,1(δ) \ ωA,1n )
≤
∑
e∈P(i,j)∪Q
rω(e)(θ0(e)
2 − i0(e)2) + rω([h1,Δ])(i+0 (Δ) + i0([h1,Δ]))2
−
∑
e∈A+,δ
rω(e)i0(e)
2 − rω([h1,Δ])i0([h1,Δ])2
≤50ρd |∂A|6 LdAe2λ(LA−x·) + rω([h1,Δ])(i+0 (Δ) + i0([h1,Δ]))2
−
∑
e∈A+,δ
rω(e)i0(e)
2 − rω([h1,Δ])i0([h1,Δ])2,
rω(e) ≤ e2λ(LA−x·) e ∈ P(i, j) ∪ Q
(1 + |∂A|2)ρdLdA ≤ 2ρd |∂A|2 LdA
P(i, j) Q BE(x, L1A(ω))
|∂A| ≤ ρdrd ≤ ρdLdA
∑
e∈A+,δ
rω(e)i0(e)
2 =
∑
a∈A+
rω([a,Δ])i0([a,Δ])
2,
a ∈ K∞(ω)
κ1e
−2λa· δ
1− δ ≥ r
ω([a,Δ]) ≥ 1
κ1
e−2λa·
 δ
1− δ .
a ∈ A+ a · 
 ≤ x · 
 + L1A h1 ∈ HA(ω)
h1 · 
 ≥ x · 
+ ηL1A ≥ a · 
+ (η− 1)L1A η
1
κ1
e−2λa·
 ≥ 1
κ1
e−2λh1·
e2λ(η−1)L
1
A(ω) ≥ κ1(1 +
∣∣B(0, L1A)∣∣)e−2λh1·.
A+ B(x, L1A(ω))
rω([a,Δ]) ≥ κ1(1 +
∣∣A+∣∣)e−2λh1· δ
1− δ ≥ (1 +
∣∣A+∣∣)rω([h1,Δ]),
∑
e∈A+,δ
rω(e)i0(e)
2 + rω([h1,Δ])i0([h1,Δ])
2
≥rω([h1,Δ])(1 +
∣∣A+∣∣)(i0([h1,Δ])2 + ∑
e∈A+
i0(e)
2
)
≥rω([h1,Δ])(i+0 (Δ) + i0([h1,Δ]))2,
Rω(δ)(y ↔ ω(δ) \ ωn)−RωA,1(δ)(y ↔ ωA,1(δ) \ ωA,1n ) ≤ 50ρ7dL7dA e2λ(LA−x·),
n y ∈ K∞(ωA,0)
y ∈ K∞(ω) \K∞(ωA,0)
j1 ≤ l aj1 ∈ K∞(ωA,0)
ω y A+ R
aj1 y ω ∩ A+
θ′0(e) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
1 e ∈ R,
0 e ∈ A+,δ ∪ E(A+) \ R,
i0(Δ) + i0([h1,Δ]) e = [h1,Δ]
i0(e) +
∑
j≤l i
A
0 (j)1{e ∈ P(j1, j)}
+
∑
i≤l i0([ai,Δ])1{e ∈ P(i, j0)}
+i−0 (Δ)1{e ∈ P(j1, j0)}+ i+0 (Δ)1{e ∈ Q}
θ0(·)
P(j1, j0)
R
Q h0 Δ
∞P(i, j)
y
A
B(x, LA)
θ′0(·) y ∈ K∞(ω) \K∞(ωA,0)
θ′0(·) θ0(·)
Rω(δ)(y ↔ ω(δ) \ ωn)−RωA,1(δ)(y ↔ ωA,1(δ) \ ωA,1n )
≤CL7dA e2λ(LA−x·) +
∑
e∈R
rω(e)
≤CL7dA e2λ(LA−x·),
|R| ≤ |A+| ≤ ρdLdA rω(e) ≤ e2λ(LA−x·) e ∈ R
x, y ∈ Zd Z ⊂ Zd
Gδ,Z(x, y) = E
ω
x
[ TZ∑
k=0
δk1{Xk = y}
]
,
Rω(x↔ Z∪Δ) Rω(δ)(x↔ Z∪{ω(δ)\ωn})
ωn ω
δ < 1 x, z ∈ Zd
Gωδ,{z}(x, x) = π
ω(δ)(x)Rω(x↔ z ∪Δ).
A = BE(x, r) B ∈ {0, 1}A δ < 1 z ∈ Zd ω ∈ Ω
y, z ∈ K∞(ω) ∂A ∩K∞(ω) 
= ∅
Rω(y ↔ z ∪Δ) ≤ RωA,1(y ↔ z ∪Δ) + C1LA(ω)C2e2λ(LA(ω)−x·),
C1 C2 d 

i0(·) y z ∪
{ω(δ) \ ωn}
z ∈ K∞(ωA,0)
z /∈ K∞(ωA,0) y ∈ K∞(ωA,0)
(ai)1≤i≤m ∂A i
+
0 (Δ) i
−
0 (Δ) A
+
A+,δ
iz0 =
∑
e∈ν
i0([z + e, z]).
ν(i, j) i ∈ [1, k] j ∈ [k + 1, l] ∪ {Δ} ∪ {z}
i, j ν(i, j) ∈ [0, 1]
j ∈ [k + 1, l] ∑i≤k ν(i, j) = −iA0 (aj)
∑
i≤k ν(i,Δ) = i
−
0 (Δ)∑
i≤k ν(i, z) = i
z
0
i ∈ [1, k] ∑j∈[k+1,l]∪{Δ}∪{z} ν(i, j) = iA0 (ai)
P(i, j) Q j0 h1 j2 ≤ l
z A+ aj2 S
θ0(e) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
iz0(e) e ∈ S,
0 e ∈ A+,δ ∪ E(A+) \ S,
i0(Δ) + i0([h1,Δ]) e = [h1,Δ]
i0(e) + i
+
0 (Δ)1{e ∈ Q}
+
∑
i≤k,j∈[k+1,l] ν(i, j)1{e ∈ P(i, j)}
+
∑
i≤k ν(i,Δ)1{e ∈ P(i, j0)}
+
∑
i≤k ν(i, z)1{e ∈ P(i, j2)}
+
∑
i≤l i0([ai,Δ])1{e ∈ P(i, j0)}
z A aj2
z
z /∈ K∞(ωA,0) 0 /∈ K∞(ωA,0)
L1A LA A = B(x, r)
C > 0 E1−ε[e
CLA ] < ∞ ε
MA
TA ∂A
ωA,0 B(x, r + TA) B(x, r +MA)
L1A ≤ r + max(MA, TA).
LA HA
LA
L1A MA TA
TA
Z
d
MA
x HA
Z
d
HA∩Tx
Tx
A
A = BE(x, r) y, z ∈ Zd \B(x, r−1)
α1 : [0, 1] → [0, 1] ε < ε1
P1−ε
[
y
ωA,0↔ z, dωA,0(y, z) ≥ n + 2dZd\B(x,r−1)(y, z)
]
≤ 2α1(ε)n+dZd\B(x,r−1)(y,z),
P1−ε
[
y
ωA,0↔ z, dωA,0(y, z) ≥ n + 2dZd(y, z) + 4dr
]
≤ 2α1(ε)n+dZd (y,z),
ε1 α1(·) d lim
ε→0
α1(ε) = 0
{Yu, u ∈ Zd} k
a ∈ Zd Ya {Yu : ||u− a||1 ≥ k}
d, k
α′ : [0, 1] → [0, 1] limτ→1 α′(τ) = 1 Y =
{Yu, u ∈ Zd} k
u ∈ Zd P (Yu = 1) ≥ τ,
PY  (α′(τ)δ1 + (1− α′(τ))δ0)⊗Zd 
u, v ∗ ||u− v||∞ = 1
∗
u ∈ Zd ωA [s, t] ∈ E(Zd) ||u− s||∞ ≤
1 ||u− t||∞ ≤ 1 ωA,1 A = BE(x, r)
ωA
u ∈ Zd\B(x, r−1) ωA y ∈ Zd\B(x, r−1)
||u− y||∞ ≤ 2 ωA u ωA
1{u ωA } γ1 γ1
d
u ∈ Zd P1−ε[1{u ωA } = 1] ≥ (1− ε)γ1 ,
lim
ε→0
(1− ε)γ1 = 1 α′(·) d
γ Zd \ B(x, r − 1) y
z u ∈ Zd \B(x, r− 1) V (u)(ωA) ∗
ωA u
V (ωA) =
⋃
u∈γ
V (u)(ωA).
y z ωA,0
ωA,0 P y z
γ ∪ (V (ωA,0) + {−2,−1, 0, 1, 2}d) dωA,0(y, z) ≥ n+2dZd\B(x,r−1)(y, z)
P m ≥ n + 2dZd\B(x,r−1)(y, z) + 1 γ
ωA m− dZd\B(x,r−1)(y, z)− 1
(2d)k k Zd \ B(x, r − 1)
P1−ε
[
y
ωA,0↔ z, dωA,0(y, z) ≥ n + dZd\B(x,r−1)(y, z)
]
≤
∑
m≥n+2d
Zd\B(x,r−1)
(y,z)+1
(2d)m(1− α′((1− ε)γ1))m−dZd\B(x,r−1)(y,z)−1
≤
∑
m≥n+2d
Zd\B(x,r−1)
(y,z)+1
((2d)3(1− α′((1− ε)γ1)))m−dZd\B(x,r−1)(y,z)−1,
α′(·) lim
ε→0
1− α′((1− ε)γ1) = 0
α1(ε) := 1−α′((1−ε)γ1) ε1
1− α′((1− ε1)γ1) ≤ (2d)−3/2
d(y, z) ≤ dZd\B(x,r−1)(y, z) ≤ d(y, z) + 2dr.
MA
A = BE(x, r) α1 : [0, 1] → [0, 1]
ε < ε1
P1−ε[MA ≥ n + 4dr] ≤ C3r2dα1(ε)n,
C3 ε1 α1(·) d lim
ε→0
α1(ε) = 0 α1(·)
|∂A| ≤ ρdrd
P1−ε[MA ≥ n + 4dr]
≤(ρdrd)2 max
a,b∈∂A
P1−ε
[
a
ωA,0↔ b, dωA,0(a, b) ≥ n + 4dr
]
≤ γ1r2dα1(ε)n,
dZd\B(x,r−1)(a, b) ≤ 4dr a, b ∈ ∂A
n F x Z
x F n
μn n
μn ≤ 3n.
TA
A = BE(x, r) α2 : [0, 1] → [0, 1]
ε < ε2
P1−ε[TA ≥ n] ≤ C4rdα2(ε)n,
C4 ε2 α2(·) d lim
ε→0
α2(ε) = 0
n ≥ 1
P1−ε[TA ≥ n] ≤ ρdrd max
a∈∂A
P1−ε
[
a /∈ K∞(ωA,0),
∣∣∣∂EKωA,0(a)∣∣∣ ≥ n].
a ∈ ∂A a /∈ K∞(ωA,0) ∂EKωA,0(a)∣∣∣∂EKωA,0(a)∣∣∣ a ωA,0
A ∂EK
ωA,0(a) ω
[x, y] ∈ A∩∂EKωA,0(a) x KωA,0(a)
i ≥ 0 [x+i(x−y), x+(i+1)(x−y)]
∂EK
ωA,0(a) i0(x, y) [x+i0(x, y)(x−y), x+(i0(x, y)+1)(x−y)]
A A x x + i0(x, y)(x− y)
y A
y a ∈ ∂A ωA,0
∂EA
A
∂EK
ω
A,0
(a)
a
Kω
A,0
(a)
[x, y]
[x + i0(x, y)(x− y), x + (i0(x, y) + 1)(x− y)]
∂EK
ωA,0(a) ω
ψ :
{
A ∩ ∂EKωA,0(a) → ∂EKωA,0(a) \ A
[x, y]  → [x + i0(x, y)(x− y), x + (i0(x, y) + 1)(x− y)],
∂EK
ωA,0(a) ω(
m
m/2
) ≤ γ12m
a ∈ ∂A
P1−ε
[
a /∈ K∞(ωA,0),
∣∣∣∂EKωA,0(a)∣∣∣ ≥ n] ≤ ∑
m≥n
(
m
m/2
)
μ(n)εm/2
≤ γ1
∑
m≥n
6mεm/2 ≤ γ2εn/2,
ε ε1/2 < 1/12
L1A
A = BE(x, r) α3 : [0, 1] → [0, 1]
ε < ε3
P1−ε[L
1
A ≥ n + C5r] ≤ C6r2dα3(ε)n,
C5 C6 ε3 α3(·) d lim
ε→0
α3(ε) = 0
HA
L′A(ω) =
{
∞ ∀y ∈ ∂A, y /∈ K∞(ωA,0)
dωA,0(∂A,HA(ω))
LA ≤ L′A
L′A LA
T = {ae(1) + be(2), 0 ≤ b ≤ a/2 a, b ∈ N}
pc(T) < 1
KT∞(ω) T
ω ε < 1− pc(T)
α4 : [0, 1] → [0, 1] ε < ε4
P1−ε
[
dT(0, K
T
∞(ω)) ≥ 1 + n
]
≤ C7α4(ε)n,
C7 α4(·) d lim
ε→0
α4(ε) = 0
ε < 1 − pc(T) KT∞(ω)
Z
2 + (1/2, 1/2)
dT(0, K
T
∞(ω)) = n+1 x x
n+2 e = [x, y] dT(0, y) = n
e′
T
n− 1 P
m ≥ (n+1)/2 e′
e′ T
4m m ε
P1−ε
[
dT(0, K
T
∞(ω)) = 1 + n
]
≤ 2(n + 2)
∑
m≥n
2
4mεm ≤ 4(n + 2)(4ε)n/2,
n + 2 ≤ 2n+1
P1−ε
[
dT(0, K
T
∞(ω)) ≥ 1 + n
]
≤
∑
m≥n
4(n + 2)(4ε)n/2 ≤ γ1(4ε1/2)n.
LA
P closed in the dual lattice
endpoints of e
open edges
K∞(ω)
A = BE(x, r) α : [0, 1] →
[0, 1] ε < ε0
P1−ε[LA ≥ n + C8r] ≤ C9r2dnα(ε)n,
C8 C9 ε0 α(·) d 
 lim
ε→0
α(ε) = 0
{∂A ∩K∞ = ∅}
LA(ω) = min{n ≥ 0, ∂A ∂B(x, n)} ≤ r + TA(ω) ≤ L1A,
C8 > C5
P[∂A ∩K∞ = ∅, LA ≥ n + C8r] ≤ C6r2dα3(ε)n.
∂A ∩ K∞ 
= ∅
L′A LA ≤ L′A ε < ε1∧ ε2∧ ε3∧ ε4
P1−ε[∂A ∩K∞ 
= ∅, L′A ≥ n + C8r]
≤P1−ε[L1A ≥ n/(8ηd) + C5r]
+ P1−ε[∂A ∩K∞ 
= ∅, L1A ≤ n/(8ηd) + C5r, L′A ≥ n + C8r]
≤P1−ε[∂A ∩K∞ 
= ∅, L1A ≤ n/(8ηd) + C5r, L′A ≥ n + C8r]
+ C6r
2dα1(ε)
n/(8ηd).
hxm {y, y · 
 ≥ x · 
 + m}
P1−ε[∂A ∩K∞ 
= ∅, L1A ≤ n/(8ηd) + C5r, L′A ≥ n + C8r]
≤P1−ε
[
∂A ∩K∞ 
= ∅, dωA,0(∂A, hxn/(8d)+ηC5r) ≥ n + C8r
]
≤ |∂A|max
y∈∂A
P1−ε
[
y
ωA,0↔ ∞, dωA,0(y, hxn/(8d)+γ1r) ≥ n + C8r
]
.
y ∈ ∂A γ2
P1−ε
[
dZd
(
y,K∞(ω
A,0) ∩ hxn/(8d)+γ1r ∩ {y + T}
)
≥ n/2 + γ2r
]
≤P1−ε
[
dy+T
(
y,Ky+T∞ (ω
A,0) ∩ hxn/(8d)+γ1r
)
≥ n/2 + γ2r
]
≤P1−ε
[
dy+T
(
y,Ky+T∞ (ω) ∩ hxn/(8d)+γ1r
)
≥ n/2 + γ2r
]
,
γ2 ≥ 2 dy+T(y,Ky+T∞ (ω)) =
dy+T(y,K
y+T
∞ (ω
A,0)) {dy+T(y,Ky+T∞ (ω)) ≥ γ2r}
A
e(1) · 
 ≥ 1/√d
min
y∈hxm∩T
dx+T(x, y) ≥ 2
√
dm.
m = n/(8d) + γ1r
P1−ε
[
dy+T
(
y,Ky+T∞ (ω) ∩ hyn/(8d)+γ1r
)
≥ n/2 + γ2r
]
≤P1−ε
[
dy+T
(
y,Ky+T∞ (ω)
)
≥ n/2 + γ2r
]
,
γ2 2
√
d(n/(8d) + γ1r) ≤ n/2 + γ2r
γ3
y ∈ ∂A
P1−ε
[
dZd
(
y,K∞(ω
A,0) ∩ hyn/(8d)+γ1r ∩ {y + T}
)
≥ n/2 + γ3r
]
≤ γ4α4(ε)n/2.
C8 n +
C8r ≥ 2(n/2 + γ3r) + 4dr
P1−ε
[
∂A ∩K∞ 
= ∅, dωA,0
(
y, hyn/(8d)+γ1r
)
≥ n + C8r
]
≤P1−ε
[
dZd
(
y,K∞(ω
A,0) ∩ hyn/(8d)+γ1r ∩ {y + T}
)
≥ n/2 + γ3r
]
+
∑
z∈∂B
Zd
(y,n/2+γ3r)∩{y+T}
P1−ε
[
z
ωA,0↔ y, dωA,0(z, y) ≥ 2d(y, z) + 4dr
]
≤γ4α4(ε)n/2 + γ5(n + γ3r)α1(ε)n/2 ≤ γ6rnα5(ε)n,
ε < ε5 d 
 α5(·) lim
ε→0
α5(ε) = 0
P1−ε[∂A ∩K∞ 
= ∅, L′A ≥ n + C8r] ≤ γ7nrd(α1(ε)n/(8ηd) + α5(ε)n)
≤ γ8nrdα(ε)n,
α(ε) := α1(ε)
1/(8ηd) +α5(ε) lim
ε→0
α(ε) = 0
(Zd, E(Zd)) (Zd, E(Zd \ [z, z + e])) ω ωz,e
A = BE(x, r) z ∈ Zd e ∈ ν
α : [0, 1] → [0, 1] ε < ε0
P1−ε[LA(ω
z,e) ≥ n + C8r] ≤ C9rdnα(ε)n,
C8 C9 ε0 α(·) d 
 lim
ε→0
α(ε) = 0
0 < ε < ε5 A ∈ {0, 1}ν \ ν δ ≥ 1/2
E1−ε
[
1{I(ωz,A)}Gωz,Aδ (0, z)
]
E1−ε
[
1{I}Gωδ (0, z)
] < C,
C ε5 
 d
E
[
1{I}Gωδ (0, z)
]
≥ E
[
1{C(z) = ∅}1{I}Gωδ (0, z)
]
= E
[
1{C(z) = ∅}1{I(ωz,∅)}Gωz,∅δ (0, z)
]
= P[C(z) = ∅]E
[
1{I(ωz,∅)}Gωz,∅δ (0, z)
]
.
ε < 1/4 ≤ 1 − pc(d) P[C(z) = ∅] > γ1 > 0 γ1 ε
E
[
1{I}Gωδ (0, z)
]
≥ γ1E
[
1{I(ωz,∅)}Gωz,∅δ (0, z)
]
.
A ∈
{0, 1}ν \ ν
1
κ1
e2λz·
1
δ
≤ πωz,A(δ)(z) ≤ κ1e2λz·1
δ
.
E
[
1{I(ωz,A)}Gωz,Aδ (0, z)
]
≤κ1e
2λz·
δ
E
[
1{I(ωz,A)}P ωz,A0 [Tz < τδ]Rω
z,A
(z ↔ Δ)
]
.
z /∈ K∞(ωz,A) P ωz,A0 [Tz < τδ] = 0
Rω
z,A
δ (z ↔ Δ) ≤ Rω
z,∅
δ (z ↔ Δ) + C1Lz(ω)C2e2λ(Lz(ω)−z·),
P ω
z,A
0 [Tz < τδ] ≤ P ωz,∅0 [Tz < τδ] 1{I(ωz,A)} ≤ 1{I(ωz,∅)}
δ ≥ 1/2
E
[
1{I}Gωδ (0, z)|C(z) = A
]
≤ κ21E
[
1{I(ωz,∅)}Gωz,∅δ (0, z)
]
+ 2C1κ1E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]Lz(ω)C2e2λLz(ω)
]
.
ε
δ ≥ 1/2
E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]Lz(ω)C2e2λLz(ω)
]
≤C10E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]
]
E
[
Lz(ω)
C11eC12Lz(ω)
]
,
C10 C11 C12 d 

Lz k ∈ N∗ {Lz = k}
BE(z, k)
1{I(ωz,∅)} ≤ 1{∂B(z, k) ↔∞} 0 /∈ B(z, k)
E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]Lz(ω)C2e2λLz(ω)|Lz = k
]
=kC2e2λkE
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ] | Lz = k
]
≤ρdkγ1e2λkE
[
1{∂B(z, k) ↔∞} max
x∈∂B(z,k)
P ω0 [Tx < τδ, Tx = T∂B(z,k)]
]
,
|∂B(z, k)| ≤ ρdkd 0 /∈ B(z, k)
BE(z, k)
x0(ω) ∂B(z, k) ω
BE(z, k) {a ⇔ b} a ω
b BE(z, k) x0(ω)
{ω(e), e /∈ BE(z, k)}
x1(ω)
E(Zd) \ BE(z, k)
P ω0 [Tx0 < τδ, Tx0 = T∂B(z,k)]
x0(ω)
x1(ω)
Z
d x0(ω) x1(ω) ∂B(z, k)
x0(ω) = z {x0 ⇔∞} = {∂B(z, k) ↔∞}
x1
x1(ω) ⇔ 0 max
x∈∂B(z,k)
P ω0 [Tx < τδ, Tx = T∂B(z,k)] > 0.
P0 k Zd z x0 P1 k
Z
d z x1 B
E(z, k)
E
[
1{∂B(z, k) ↔∞}1{x1 ⇔ 0}P ω0 [Tx1 < τδ, Tx1 = T∂B(z,k)]
]
=E
[
1{x0 ⇔∞}1{x1 ⇔ 0}P ω0 [Tx1 < τδ, Tx1 = T∂B(z,k)]|P0 ∪ P1 ∈ ω
]
≤ 1
P[P0 ∪ P1 ∈ ω]E
[
1{P0 ∪ P1 ∈ ω}1{x0 ⇔∞}1{x1 ⇔ 0}P ω0 [Tx1 < τδ]
]
.
ε < 1/2
P[P0 ∪ P1 ∈ ω] = (1− ε)2k ≥ 1
4k
.
P0 ∈ ω
(δκ0)
kP ω0 [Tx1 < τδ] ≤ P ω0 [Tz < τδ].
δ ≥ 1/2
E
[
1{P0 ∪ P1 ∈ ω}1{x0 ⇔∞}1{x1 ⇔ 0}P ω0 [Tx1 < τδ]
]
≤(2/κ0)kE
[
1{P0 ∪ P1 ∈ ω}1{x0 ⇔ 0}1{x1 ⇔∞}P ω0 [Tz < τδ]
]
≤(2/κ0)kE
[
1{I}P ω0 [Tz < τδ]
]
,
1{P0 ∪ P1 ∈ ω}1{x0 ⇔ 0}1{x1 ⇔∞} 0 ↔ x0 ↔ z ↔ x1 ↔ ∞
I
1{I} ≤ 1{I(ωz,∅)} P ω0 [Tz <
τδ] ≤ P ωz,∅0 [Tz < τδ]
E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]Lz(ω)C2e2λLz(ω) | Lz = k
]
≤ρdkγ1(8e2λ/κ0)kE
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]
]
.
0 ∈ B(z, k)
P ω
z,∅
0 [Tz < τδ] ≤ 1 P ω0 [Tx < τδ, Tx = T∂B(z,k)]
1 x ∈ ∂B(z, k) x1 0
{Lz = k} k ∈ N
E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]Lz(ω)C2e2λLz(ω)
]
≤E
[ ∞∑
k=1
P[Lz = k]E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]Lz(ω)C2e2λLz(ω) | Lz = k
]]
≤ρdE
[ ∞∑
k=1
P[Lz = k]k
γ1(8e2λ/κ0)
kE
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]
]]
=ρdE
[
Lγ1z (8e
2λ/κ0)
Lz
]
E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]
]
.
0 < ε < ε6
E
[
Lz(ω)
C11eC12Lz(ω)
]
≤
∑
k≥0
kC11eC12kP[Lz ≥ k] < C13 <∞,
ε6 α0(ε6) < e
−C12/2 C13 d 

E
[
1{I(ωz,A)}Gωz,Aδ (0, z)
]
≤κ21E
[
1{I(ωz,∅)}Gωz,∅δ (0, z)
]
+ 2C1C10C13κ1E
[
1{I(ωz,∅)}P ωz,∅0 [Tz < τδ]
]
≤γ2E
[
1{I(ωz,∅)}Gωz,∅δ (0, z)
]
.
d ≥ 2 ε < 1− pc(d) 
 ∈ Rd
v(1− ε) = d∅ + O(ε).
P[C(z) = ∅] = 1 + O(ε) P[C(z) 
= ∅] = O(ε).
δ ≥ 1/2
d̂εδ(z) = d∅
E1−ε
[
1{I}1{C(z) = ∅}Gωδ (0, z)
]
E1−ε
[
1{I}Gωδ (0, z)
] + O(ε),
O(·) d 
∣∣∣∣∣∣
E1−ε
[
1{I}1{C(z) = ∅}Gωδ (0, z)
]
E1−ε
[
1{I}Gωδ (0, z)
] − 1
∣∣∣∣∣∣ ≤ O(ε),
d̂εδ(z)− d∅ = O(ε),
O(·) d 

v(1− ε) = d∅ + O(ε).
z ∈ Zd
dbωδ (z)− d∅ = ε
(∑
e∈ν
E1−ε[1{I(ωz,e)}Gωz,eδ (0, z)]
E1−ε[1{I(ω)}Gωδ (0, z)]
(de − d∅)
)
+ O(ε2),
O(·) d 

ε
P P ′ n ≥ 0
GP
′
δ = G
P
δ +
n∑
k=1
δk(GPδ (P
′ − P ))kGPδ + δn+1(GPδ (P ′ − P ))n+1GP
′
δ .
n = 0
Gω
z,e
δ (0, z) =G
ωz,∅
δ (0, z) + δG
ωz,∅
δ (0, z)
∑
e′∈ν
(pe(e′)− p∅(e′))Gωz,eδ (z + e′, z)
+ δGω
z,∅
δ (0, z + e)
∑
e′∈ν
(p−e(e′)− p∅(e′))Gωz,eδ (z + e + e′, z),
E[1{I(ωz,e)}Gωz,∅δ (0, z)Gω
z,e
δ (z + e
′, z)],
E[1{I(ωz,e)}Gωz,∅δ (0, z + e)Gω
z,e
δ (z + e + e
′, z)],
e, e′ ∈ ν
e ∈ ν
dμ˜z =
1{I}1{C(z) = e}Gωz,∅δ (0, z)
E1−ε
[
1{I}1{C(z) = e}Gωz,∅δ (0, z)
]dP1−ε,
e+ ∈ ν
z + e+
p˜z,e,z+e+(y, e
′) =
Eμ˜z [G
ω
δ (z + e+, y)p
ω(y, y + e′)]
Eμ˜z [Gωδ (z + e+, y)
=
E1−ε[1{I}Gωz,∅δ (0, z)Gωδ (z + e+, y)pω(y, y + e′) | C(z) = e]
E1−ε[1{I}Gωz,∅δ (0, z)Gωδ (z + e+, y) | C(z) = e]
.
z ∈ Zd e, e′ ∈ ν
E1−ε[1{I}1{C(z) = e}Gz,∅δ (0, z)Gωδ (z + e′, z)]
E[1{I}1{C(z) = e}Gωz,∅δ (0, z)]
= G
p˜z,e,z+e′
δ (z + e
′, z).
y Pz,e1−ε[ · ] =
P1−ε[ · | C(z) = e]
p˜z,e,z+e+(y, e
′) =
∑
A∈{0,1}ν
Pz,e[C(y) = A]
× E
z,e
1−ε[1{I}Gωz,∅δ (0, z)Gωδ (z + e+, y) | C(y) = A]
E
z,e
1−ε[1{I}Gωz,∅δ (0, z)Gωδ (z + e+, y)]
pA(y, e′),
0
a+ = 0 ∨ a
p˜z,e,z+e+
ε < ε7 z, e, e+ ∈ Zd × ν2 δ ≥ 1/2 y ∈ Zd
e′ ∈ ν
|p˜(y, e′)− pz,e0 (y, e′)| ≤ (C14eC15((z−y)·)
+
)ε,
ε7 C14 C15 
 d
p˜z,e,z+e+
pz,e0
0 < ε < ε8 y, z ∈ Zd A ∈ {0, 1}ν \ ν
E1−ε[1{I(ωz,e)}Gωz,∅δ (0, z)Gω
z,e
δ (z + e+, y) | C(y) = A]
E1−ε[1{I(ωz,e)}Gωz,∅δ (0, z)Gωz,eδ (z + e+, y) | C(y) = ∅]
≤ C16eC17((z−y)·)+ ,
ε8 C16 C17 
 d δ ≥ 1/2
P[C(y) = ∅] ≥ γ1
E
z,e
1−ε[1{I}Gω
z,∅
δ (0, z)G
ω
δ (z + e+, y)]
≥P[C(y) = ∅]E1−ε[1{I(ωz,e)}Gωz,∅δ (0, z)Gω
z,e
δ (z + e+, y) | C(y) = ∅],
{C(y) = ∅}
ε 0
z ∈ Zd e, e′ ∈ ν e′′ ∈ ν ∪ {0} δ ≥ 1/2∣∣∣Gp˜δ(z + e′ + e′′, z)−Gωz,e0δ (z + e′ + e′′, z)∣∣∣ ≤ oε(1),
oε(·) 
 d
p
ωz,e0
ω˜
p
z
ε1 > 0
Gp˜δ(z + e
′, z)−Gp˜
δ,{x∈Zd, x·<z·−A}
(z + e′, z) < ε1 A ε
z
z + e p˜ 

{x ∈ Zd, x · 
 > −A} ε
z z + e′
p˜
η > 0 f(η) > 0
Z
d P (x, y)(∑
y∼x P (x, y)(y − x)
) · 
 > η x x · 
 ≥ 0
P0[Xn · 
 ≥ 0, n > 0] > f(η).
1 − ε ε
d(p˜)(x) =
∑
e∈ν p˜(x, x + e)e d
p˜(x) · 
 > d∅ · 
/2 x
x · 
 ≥ (z + 2de(1)) · 

z z + e
z z + e′ z + 2de(1)
γ1 κ0/2
p˜
min
y∈{z,z+e′}
P p˜y [T
+
{z,z+e′} = ∞]
≥ min
y∈{z,z+e′}
P p˜y [T
+
{z,z+e′} > Tz+2de(1) ]P
p˜
z+2de(1)
[(Xn − (z + 2de(1))) · 
 ≥ 0, n > 0]
≥f(d∅ · 
/2)
(κ0
2
)γ1
= γ2.
Z
d P (x, y) dP (x) :=∑
y∼x P (x, y)(y − x) · 
 > (d∅ · 
)/2 = γ3
MPn = Xn −X0 −
n−1∑
i=1
dP (Xi),
dP (x) ≥ γ3
P0[T{x∈Zd, x·<−A} <∞] ≤
∑
n≥0
P0
[
MPn · 
 < −A− γ3n
]
≤
∑
n≥0
exp
(
−(A + γ3n)
2
8n
)
≤ γ4 exp
(
−γ3A
4
)
.
ε′ > 0 A = A(ε′) d 

ε1 ε
y ∈ {x ∈ Zd, x ·
 ≥ z ·
−A−1 x 
= {z, z+e′}} dω˜(y) ·
 > (d∅ ·
)/2
max
y∈{z,z+e′}
P p˜y [T{x∈Zd, x·<z·−A−1} < T
+
{z,z+e′}]
≤ max
y∼z y∼z+e′
P p˜y [T{x∈Zd, x·<z·−A−1} < T
+
{z,z+e′}] ≤ ε′,
{x ∈ Zd, x · 
 ≥ z · 
− A− 1 x 
= {z, z + e′}}
Gp˜δ(z + e
′, z + e′) = P p˜z+e′ [T
+
z+e′ < τδ]
−1 ≤ 1
γ2
Gp˜δ(z, z) ≤
1
γ2
,
z z + e′
P p˜z+e′ [T{x∈Zd, x·<z·−A−1} <∞] <
2ε′
γ2
.
ε
Gp˜δ(z + e
′, z)−Gp˜
δ,{x∈Zd, x·<z·−A−1}
(z + e′, z)
≤P p˜z+e′ [T{x∈Zd, x·<z·−A−1} <∞] max
y∈{x∈Zd, x·<z·−A−1}
Gp˜δ(y, z)
≤2ε
′
γ2
Gp˜δ(z, z) =
2ε′
γ22
.
ω(y, e′)
p(y, e′) = p˜(y, e′) y (y − z) · 
 ≥ −A(ε′)
p(y, e′) = pω
z,e
0 (y, e′) y (y − z) · 
 < −A(ε′)
∣∣∣Gp˜δ(z + e′, z)−Gpδ(z + e′, z)∣∣∣ ≤ γ5ε′,
ω ε′
max
e′∈ν,y∈Zd
∣∣∣p(y, e′)− pωz,e0 (y, e′)∣∣∣ ≤ C14eC15A(ε′)ε ≤ ε′,
ε
o(·) d 
∣∣∣Gωz,e0δ (z + e′ + e′′, z)−Gpδ(z + e′ + e′′, z)∣∣∣ = o(1),
M (πω
z,e
0 )1/2 f : Zd → R
M(f)(y) = (πω
z,e
0 (y))1/2f(y).
P s,δ Zd ∪ {Δ}
P s,δ(x, x + e(i)) = P s,δ(x + e(i), x)
= δ(πω
z,e
0 (x))1/2pω
z,e
0 (x, x + e(i))(πω
z,e
0 (x + e(i)))−1/2
= δ(πω
z,e
0 (x + e(i)))1/2pω
z,e
0 (x + e(i), x)(πω
z,e
0 (x))−1/2,
i = 1, . . . , 2d x /∈ {z, z + e,Δ}
P s,δ(x,Δ) = (1− δ) + δ
∑
e(i)∈ν
(p∅(e(i))p∅(−e(i)))1/2,
P s,δ(z,Δ) = (1− δ) + δ
∑
e(i)∈ν\{e}
(pe(e(i))pe(−e(i)))1/2,
P s,δ(z + e,Δ) = (1− δ) + δ
∑
e(i)∈ν\{−e}
(p−e(e(i))p−e(−e(i)))1/2,
P s,δ(Δ,Δ) = 1.
x, y 
= Δ
G
ωz,e0
δ (x, y) = ((I − δP ω
z,e
0 )−1)(x, y) = (M−1(I − P s,δ)−1M)(x, y)
= (M−1Gs,δM)(x, y),
Gs,δ P s,δ x, y 
= Δ
Gpδ(x, y) = (M
−1Gs,δM)(x, y),
P s,δ = M−1P pM
P s,δ(x, x + e) = P s,δ(x, x + e) + εξε(x, e)
P s,δ(x,Δ) = P s,δ(x,Δ) + εξε(x,Δ),
ξε(·, ·)
n
Gpδ(x, x
′)−Gω
z,e
0
δ (x, x
′) =
n∑
i=1
(δε)kSk(x, x
′) + (δε)n+1Rn(x, x
′),
Sn(x, x
′) =
∑
x1,...,xn
∑
e1,...,en
G
ωz,e0
δ (x, x1)ξε(x1, e1)G
ωz,e0
δ (x1 + e1, x2) · · ·
× ξε(xn, en)Gω
z,e
0
δ (xn + en, x
′),
Rn(x, x
′) =
∑
x∗∈Zd
Sn(x, x
∗)
∑
e∗∈ν
ξε(x
∗, e∗)Gpδ(x
∗ + e∗, x′).
Sn(x, x
′) =
(πωz,e0 (x′)
πω
z,e
0 (x)
)1/2 ∑
x1,...,xn
e1,...,en
Gs,δ(x, x1)ξε(x1, e1)
( πωz,e0 (x1)
πω
z,e
0 (x1 + e1)
)1/2
×Gs,δ(x1 + e1, x2) · · ·
( πωz,e0 (xn)
πω
z,e
0 (xn + en)
)1/2
Gs,δ(xn + en, x
′),
Rn(x, x
′) =
(πωz,e0 (x′)
πω
z,e
0 (x)
)1/2 ∑
x1,...,xn
e1,...,en
Gs,δ(x, x1)ξε(x1, e1)
( πωz,e0 (x1)
πω
z,e
0 (x1 + e1)
)1/2
×Gs,δ(x1 + e1, x2) · · ·
( πωz,e0 (xn)
πω
z,e
0 (xn + en)
)1/2
Gs,δ(xn + en, x
′).
x ∈ Zd δ ≥ 1/2
∣∣1− P s,δ(x,Δ)∣∣ ≥ δ
2
min
ek∈ν
d∑
j=1
(√
pek(e(j))−
√
pek(−e(j))
)2
= γ6.
x ∈ Zd ei ∈ ν
πω
z,e
0 (x)
πω
z,e
0 (x + ei)
≤ κ21e2λ,
x, x′ ∈ Zd∑
x1,...,xn
e1,...,en
Gs,δ(x, x1)G
s,δ(x1 + e1, x2) · · ·Gs,δ(xn + en, x′)
≤
(∑
x1
Gs,δ(x, x1)(2d)
)
max
x∗∈Zd
∑
x2,...,xn
e2,...,en
Gs,δ(x∗, x2) . . . G
s,δ(xn + en, x
′)
≤ 2d
1−maxx P s,δ(x,Δ) maxx∗∈Zd
∑
x2,...,xn
e2,...,en
Gs,δ(x∗, x2) . . . G
s,δ(xn + en, x
′)
≤ · · · ≤
( 2d
1− γ6
)n
,
Sn(x, x
′) =
(πωz,e0 (x′)
πω
z,e
0 (x)
)1/2(
κ21e
2λ
(
sup
y,e
|ξε(y, e)|
) 2d
1− γ6
)n+1
≤
(πωz,e0 (x′)
πω
z,e
0 (x)
)1/2
γn+17 ,
γ7 d 

Rn(x, x
′) 1− P s,δ(x,Δ) ∼ 1− P s,δ(x,Δ)
ε < γ−17 /2
∑∞
k=0(εδ)
kSk(x, x
′)
δ
Gpδ(x, x
′)−Gω
z,e
0
δ (x, x
′) =
∞∑
k=1
(δε)kSk(x, x
′)
=
(πωz,e0 (x′)
πω
z,e
0 (x)
)1/2
O(ε),
O(·) d 

x = z + e′ + e′′ x′ = z
G
p˜z,e,z+e′
δ (z + e
′, z) = G
ωz,e0
δ (z + e
′, z) + o(1),
o(·) d 

E1−ε[1{I}1{C(z) = e}Gωz,∅δ (0, z)Gωδ (z + e′, z)]
=(1 + o(1))E[1{I}1{C(z) = e}Gωz,∅δ (0, z)]Gω
0,e
0
δ (e
′, 0),
o(·) d 

p˜z+e,−e,z+e+e′
E[1{I(ωz,e)}Gωz,∅δ (0, z + e)Gω
z,e
δ (z + e + e
′, z)]
= (1 + o(1))E[1{I(ωz,e)}Gωz,∅δ (0, z + e)]Gω
0,e
0
δ (e + e
′, 0),
o(·) d 

φ(e) =
∑
e′∈ν
(pe(e′)− p∅(e′))Gω0,e0 (e′, 0),
ψ(e) =
∑
e′∈ν
(p−e(e′)− p∅(e′))Gω0,e0 (e + e′, 0).
dbωδ (z)− d∅
=
ε(1 + o(1))
E1−ε[1{I}Gωδ (0, z)]
[
E1−ε[1{I(ωz,e)}Gωz,∅δ (0, z)]
(∑
e∈ν
(1 + δφ(e))(de − d∅)
)
+ E1−ε[1{I(ωz,e)}Gωz,∅δ (0, z + e)]
(∑
e∈ν
δψ(e)(de − d∅)
)]
+ O(ε2),
o(·) O(·) d 

dbωδ (z)
δ ≥ 1/2 z ∈ Zd e ∈ ν∣∣∣∣∣E[1{I(ωz,e)}Gω
z,∅
δ (0, z)]
E[1{I}Gωδ (0, z)]
− 1
∣∣∣∣∣ ≤ O(ε),
O(·) d 

P[C(z) = ∅] = 1 + O(ε)
E[1{I(ωz,e)}Gωz,∅δ (0, z)]
E[1{I}Gωδ (0, z)]
≤ 1
P[C(z) = ∅]
E[1{I(ωz,e)}Gωz,∅δ (0, z)]
E[1{I(ωz,∅)}Gωz,∅δ (0, z)]
≤ 1 + O(ε).
ε O(ε)
BE(z, 2)
E[1{I(ωz,e)}Gωz,∅δ (0, z)] =
∑
A∈{0,1}B
E(z,2)
A
=∅
P[{e ∈ BE(z, 2), e ∈ ω} = A]
× E[1{I(ωz,e)}Gωz,∅δ (0, z) | {e ∈ BE(z, 2), e ∈ ω} = A],
A ⊂ BE(z, 2) A 
= ∅
E[1{I(ωz,e)}Gωz,∅δ (0, z) | {e ∈ BE(z, 2), e ∈ ω} = A]
E[1{I(ωz,e)}Gωz,∅δ (0, z)]
< γ1,
γ1 d 

(1)
ωB
E(z,2),1
BE(z, 2) ε
E
[
1{I(ωz,e(z,2),A)}P
ωz,∅
(z,2),A
0 [Tz < τδ]R
ω(z,2),1 [z ↔ Δ]
]
e2λz·

E[1{I(ωz,e)}Gωz,∅δ (0, z)]
< γ2.
E
[
1{I(ωz,e(z,2),A)}P
ωz,∅
(z,2),A
0 [Tz < τδ]L
C2
z,2e
2λLz,2
]
E[1{I(ωz,e)}Gωz,∅δ (0, z)]
=
E
[
1{I(ω(z,2),A)}P
ωz,∅
(z,2),A
0 [Tz < τδ]L
C2
z,2e
2λLz,2 | C(z) = e
]
E[1{I}Gωz,∅δ (0, z) | C(z) = e]
< γ3,
Lz,2 P[ · |
C(z) = e] ε
Lz,2
z
γ1 = γ2+C1γ3
E[1{I(ωz,e)}Gωz,∅δ (0, z)] = O(ε)E[1{I(ωz,e)}Gω
z,∅
δ (0, z)]
+ E[1{I(ωz,e)}Gωz,∅δ (0, z), {1{e ∈ ω}, e ∈ BE(z, 2)} = BE(z, 2)],
{1{e ∈ ω}, e ∈ BE(z, 2)} = BE(z, 2) 1{I}Gωδ (0, z) = 1{I(ωz,e)}Gω
z,∅
δ (0, z)
E[1{I(ωz,e)}Gωz,∅δ (0, z)]
=(1 + O(ε))E[1{I}Gωδ (0, z), {1{e ∈ ω}, e ∈ BE(z, 2)} = BE(z, 2)]
≤(1 + O(ε))E[1{I}Gωδ (0, z)],
∑
z∈Zd G
bωεδ
δ (0, z)d̂
ε
δ(z)∑
z∈Zd G
bωεδ
δ (0, z)
− d∅
=ε(1 + o(1))
∑
z∈Zd
∑
e∈ν E[1{I}Gωδ (0, z)](1 + δφ(e))(de − d∅)∑
z∈Zd E[1{I}Gωδ (0, z)]
+ ε(1 + o(1))
∑
z∈Zd
∑
e∈ν E[1{I}Gωδ (0, z + e)]δψ(e)(de − d∅)∑
z∈Zd E[1{I}Gωδ (0, z)]
=ε
∑
e∈ν
(1 + δ(φ(e) + ψ(e)))(de − d∅) + o(ε),
∑
z E[1{I}Gωδ (0, z)] =
∑
z E[1{I}Gωδ (0, z + e)] = P[I]/(1− δ)
∑
e′∈ν
(pe(e′)− p∅(e′))Gω0,e0 (e′, 0) +
∑
e′∈ν
(p−e(e′)− p∅(e′))Gω0,e0 (e + e′, 0)
= (p∅(e)− p∅(−e))(Gω0,e0 (0, 0)−Gω0,e0 (e, 0))− p∅(e).
pe(e′)− p∅(e′) =
{
c(e′)c(e)
π∅πe
e 
= e′
− c(e′)
π∅
e = e′
∑
e′ 
=e
c(e′)c(e)
π∅πe
Gω
0,e
0 (e′, 0) =
c(e)
π∅
(Gω
0,e
0 (0, 0)− 1),
∑
e′ 
=e
c(e′)c(−e)
π∅π−e
Gω
0,e
0 (e + e′, 0) =
c(−e)
π∅
Gω
0,e
0 (e, 0).
c(e)
π∅
= p∅(e)
p∅(e)−p∅(−e) = d∅ ·e 1−p∅(e) = πe/π∅
α(e) = φ(e) + ψ(e) =
πe
π∅
+ (d∅ · e)(Gω
0,e
0 (0, 0)−Gω0,e0 (e, 0)),
δ 1
v(1− ε) = d∅ + ε
∑
e∈ν
α(e)(de − d∅) + o(ε).
∑
e∈ν
πede =
2d∑
i=1
∑
e
=e(i)
c(e)e = (2d− 1)
∑
e∈ν
c(e)e = (2d− 1)π∅d∅ =
∑
e∈ν
πed∅,
v(1− ε) = d∅ + ε
∑
e∈ν
(d∅ · e)(Gω
0,e
0 (0, 0)−Gω0,e0 (e, 0))(de − d∅) + o(ε),
z ∈ Zd e, e+ ∈ ν
y
Lz
y
P
ωz,ey,A
z+e+ [Ty < τδ] P
ωz,∅y,A
0 [Tz ≤ τδ]
B∗(y, k) =
{
t ∈ B(y, k), t B
E(y,k)\{[z,z+e]}↔ y
}
pωz (y, k) =
⎧⎨⎩ maxu∈∂B∗(y,k)P
ω
z+e+
[Tu = T∂B∗(y,k) < τδ] z + e+ /∈ B∗(y, k),
1
k ≥ 1 0 /∈ B∗(y, k)
P
ωz,ey,A
z+e+ [Ty < τδ] ≤ ρdkdp
ωz,ey,A
z (y, k),
B∗(y, k) ωz,e
y B(y, k) B∗(y, k)
pω1 (y, k) =
⎧⎨⎩ maxu∈∂B(y,k)P
ω
0 [Tu = T∂B(y,k) < τδ] 0 /∈ B(y, k),
1
pω2 (y, k) =
⎧⎨⎩ maxu∈∂B(y,k)P
ω
u [Tz < τδ ∧ T+∂B(y,k)] z /∈ B(y, k),
1
Rω∗ (z) = e
2λz·Rω[z ↔ Δ] Rω∗ (y) = e2λy·Rω[y ↔ Δ],
R
ω
∗ (y, k) =
⎧⎨⎩ maxu∈∂B(y,k)R
ω
∗ [u↔ z ∪Δ] z /∈ B(y, k),
1
u ∈ Zd Rω∗ [u↔ z ∪Δ] = e2λz·Rω[u↔ z ∪Δ].
ω y, z ∈ Zd B = B(y, r)
r ≥ 1 δ ≥ 1/2 0, z /∈ B P ω0 [Tz < τδ] > 2P ω0 [Tz < T∂B ∧ τδ]
P ω0 [Tz < τδ] ≤ C19r2dpω1 (y, k)pω2 (y, k)R
ω
∗ (y, k).
0 ∈ B z /∈ B P ω0 [Tz < τδ] > 2P ω0 [Tz < T∂B ∧ τδ]
P ω0 [Tz < τδ] ≤ C19r2dpω2 (y, k)R
ω
∗ (y, k).
0 /∈ B z ∈ B
P ω0 [Tz < τδ] ≤ C19r2dpω1 (y, k).
P ω0 [Tz < τδ]
y
y 0 z
0, z /∈ B
P ω0 [Tz < τδ] ≤ 2P ω0 [T∂B ≤ Tz < τδ],
P ω0 [TB ≤ Tz < τδ] =
∑
u∈∂B
P ω0 [Tu = T∂B < τδ]P
ω
u [Tz < τδ]
≤ |∂B|max
u∈∂B
P ω0 [Tu = T∂B < τδ] max
u∈∂B
P ωu [Tz < τδ].
z1 → · · · → zn n ∂B ∪ z ∪Δ
z1 z2, . . . , zn u ∈ ∂B
P ωu [Tz < τδ] = E
ω
u
[∑
n
∑
z1,...,zn∈∂B
1{z1 → · · · → zn → z}
]
=
∑
n
∑
z1,...,zn∈∂B
Eωu [1{z1 → · · · → zn}]P ωzn [Tz < T+∂B ∧ τδ]
≤ max
v∈∂B
P ωv [Tz < τδ ∧ T+∂B]Eωu
[∑
n
∑
z1,...,zn∈∂B
1{z1 → · · · → zn}
]
= max
v∈∂B
P ωv [Tz < τδ ∧ T+∂B]Gωδ,{z}(u, ∂B),
Gωδ,{z}(u, ∂B) = E
ω
u
[τδ∧Tz∑
n=0
1{Xn ∈ ∂B}
]
≤ |∂B|max
v∈∂B
Gωδ,{z}(v, v).
δ ≥ 1/2 v ∈ ∂B
Gωδ,{z}(v, v) = π
ω(δ)(v)Rω(v ↔ z ∪ δ) ≤ γ1 max
u∈∂B
Rω∗ [u↔ z ∪Δ].
|∂B| ≤ ρdrd
max
u∈∂B
P ωu [Tz < τδ] ≤ γ2rd max
u∈∂B
Rω∗ [u↔ z ∪Δ]max
u∈∂B
P ωu [Tz < τδ ∧ T+∂B].
Rω∗ (y, k) =
⎧⎨⎩ minu∈∂B(y,k)R
ω(y,k),1
∗ [u↔ z ∪Δ] z /∈ B(y, k),
1
R
ω(y,r),1
∗ (y, r) R
ω
∗ (y, r
′)
B = BE(y, r) r
′ ≥ r z ∈ K∞(ω) ∂B ∩
K∞(ω) 
= ∅
R
ω(y,r),1
∗ (y, r) ≤ e4λr
′
Rω∗ (y, r
′) + C20L
C21
y,r′e
C22Ly,r′ .
v ∈ ∂B(y, r)
max
u∈∂B(y,k)
R
ω(y,r),1
∗ (u↔ z ∪Δ) = Rω(y,r),1(v ↔ z ∪Δ)e2λv·,
r′ ≥ r
R
ω(y,r),1
∗ (v ↔ z ∪Δ) ≤ Rω(y,r′),1(v ↔ z ∪Δ) + C1LC2y,r′e2λ(−y·
+Ly,r′ )
≤ Rω(y,r′),1(v ↔ z ∪Δ) + C1LC2y,r′e2λ(−v·
+2Ly,r′ ),
y · 
 ≥ v · 
 − r Ly,r′ ≥ r′ ≥ r
u ∈ ∂B(y, r′) i0(·) u z ∪ {Δ}
ω(y,r′),1 Q v u B(y, r′)
v z ∪ {Δ}
θ(e) = i0(e) + (1{e ∈ Q} − 1{−e ∈ Q})
Rω(y,r′),1(v ↔ z ∪Δ) ≤ Rωz,∅
(y,r′),1
(u↔ z ∪Δ) + 8r′e2λ(−y·+r′),
R
ω(y,r),1
∗ (v ↔ z ∪Δ) ≤ min
u∈∂B(y,r′)
R
ω(y,r′),1
∗ (v ↔ z ∪Δ)
+ γ1(Ly,r′)
γ2γ
Ly,r′
3 e
−2λy·,
Ly,r′ ≥ r′ ≥ r
e2λv·
 e2λr
′
e2λy·

e2λv·

R
ω(y,r),1
∗ (v ↔ z ∪Δ)e2λv· ≤ e4λr′Rω∗ (y, r′) + γ4(Ly,r′)γ5eγ6Ly,r′
maxu∈∂B(y,r′) e
2λu· ≤ e2λr′e2λy·
R∗(z) = R
ωz,∅y,A
∗ (z) R∗(y) = R
ωz,ey,A
∗ (y),
δ ≥ 1/2
1
κ1
G
ωz,∅y,A
δ (z, z) ≤ R∗(z) ≤ 2κ1G
ωz,∅y,A
δ (z, z),
1
κ1
G
ωz,ey,A
δ (y, y) ≤ R∗(y) ≤ 2κ1G
ωz,ey,A
δ (y, y).
G
ωz,∅y,A
δ (0, z)G
ωz,ey,A
δ (z + e+, y) ≤ 4κ21P
ωz,∅y,A
0 [Tz ≤ τδ]P
ωz,ey,A
z+e+ [Ty ≤ τδ]R∗(z)R∗(y).
l(0)y = 1, l
(1)
y = Ly,1, l
(2)
y = Ly,l(1)y l
(3)
y = Ly,l(2)y ,
L
(i)
y (ω) = l
(i)
y (ωz,∅) ∨ l(i)y (ωz,e) B(i)y = BE(y, L(i)y )
Zy,k = C23k
C24eC25ke2λ((z−y)·
)+ Z(i)y = Zy,L(i)y ,
C23 = 1∨C1 ∨C19 ∨C20 C24 = C2 ∨C21 ∨ 2d C25 = 4λ∨C22
i = 0, . . . , 3
R(i)∗ (y) = R
ωz,e
B
(i)
y ,1
∗ (y) R
(i)
∗ (z) = R
ωz,∅
B
(i)
y ,1
∗ (z).
R(i)∗ = R
ωz,∅
∗ (y, L
(i)
y ) R
(i)
∗ = R
ωz,∅
∗ (y, L
(i)
y ).
i = 1, 2, 3 j = 0, 1, 2
p
(j)
i = p
ωz,∅
i (y, L
(j)
y ) p
(j)
z = p
ωz,e
z (y, L
(j)
y ).
Z
(i)
y
z ∈ Zd i ∈ {0, 1, 2}
P
ωz,ey,A
0 [Tz < τδ] ≤ Z(i)y p(i)1 p(i)2 R
(i)
∗ + 2P
ωz,ey,A
0 [Tz < T∂B(i)y ∧ τδ],
y, z ∈ K∞(ωz,ey,A) i ≤ j
R
(i)
∗ ≤ Z(j)y R(j)∗ + Z(j+1)y .
y, z ∈ K∞(ωz,ey,A) Z(i)y
i ∈ {0, 1, 2}
R∗(z) ≤ R(i)∗ (z) + Z(i+1)y R∗(y) ≤ R(i)∗ (y) + Z(i+1)y .
y, z ∈ K∞(ωz,ey,A)
P
ωz,ey,A
0 [Tz < τδ]R∗(z)R∗(y)
≤
(
p
(0)
1 p
(0)
2 (Z
(0)
y R
(0) + Z(1)y ) + 2P
ωz,ey,A
0 [Tz < T∂B(0)y ∧ τδ]
)
R∗(z)R∗(y).
ω y, z ∈ K∞(ωz,ey,A)
R(0)R∗(z)R∗(y) ≤C26
[
R(0)∗ R
(0)
∗ (z)R
(0)
∗ (y)
+ (Z(1)y )
2(R(1)∗ R
(1)
∗ (z) + R
(1)
∗ R
(1)
∗ (z) + R
(1)
∗ (z)R
(1)
∗ (y))
+ (Z(2)y )
4(R(2)∗ + R
(2)
∗ (z) + R
(2)
∗ (y)) + (Z
(3)
y )
4
]
,
R∗(z)R∗(y) ≤ C27
[
R(1)∗ (z)R
(1)
∗ (y) + Z
(2)
y (R
(2)
∗ (z) + R
(2)
∗ (y)) + (Z
(3)
y )
2
]
.
Z
(2)
y R
(2)
∗ (y) Z
(2)
y
L
(2)
y BE(y, L
(2)
y )
R(0)∗ R∗(z)R∗(y) ≤ R(0)∗ (R(0)∗ (z) + Z(1)y )(R(0)∗ (y) + Z(1)y )
≤R(0)∗ R(0)∗ (z)R(0)∗ (y) + Z(1)y (R(0)∗ R(0)∗ (z) + R(0)∗ R(0)∗ (y)) + (Z(1)y )2R(0)∗ .
R(0)∗ R
(0)
∗ (z)
R(0)∗ R
(0)
∗ (y)
R(0)∗ R
(0)
∗ (z)
≤(Z(1)y R(1)∗ + Z(2)y )(R(1)∗ (z) + Z(2)y )
≤Z(1)y R(1)∗ R(1)∗ (z) + Z(2)y (Z(1)y R(1)∗ + R(1)∗ (z)) + (Z(2)y )2
≤Z(1)y R(1)∗ R(1)∗ (z) + (Z(2)y )2(Z(2)y R(2)∗ + R(2)∗ (z) + 2Z(3)y ) + (Z(2)y )2
≤Z(1)y R(1)∗ R(1)∗ (z) + (Z(2)y )3(R(2)∗ + R(2)∗ (z)) + 3(Z(3)y )3,
i ≤ j 1 ≤ Z(i)y ≤ Z(j)y
(Z
(1)
y )2R
(0)
∗ i = 0
j = 1
j ∈ {z, 1, 2}
y ∈ Zd k1 < k2 pωj (y, k1) ≤ ρdkd−12 pωj (y, k2),
k1 < k2 ∈ {0, 1, 2}
p
(k1)
j ≤ ρdZ(k2)y p(k2)j .
P ω0 [Tz < T∂B(0)y ∧ τδ] ≤ P ω0 [Tz <
T
∂B
(i)
y
∧ τδ]
y, z ∈ K∞(ωz,ey,A)
G
ωz,∅y,A
δ (0, z)G
ωz,ey,A
δ (z, y)
1{I(ωy,A)}(Z(i)y )C28p(i)z p(i)1 p(i)2 R(i)∗ R(i)∗ (z)R(i)∗ (y),
1{I(ωy,A)}(Z(i)y )C28p(i)z P
ωz,∅y,A
0 [Tz < T∂B(i)y ∧ τδ]R
(i)
∗ (y)R
(i)
∗ (z),
i ∈ {0, 1, 2, 3} R(i)∗ R(i)∗ (z) R(i)∗ (y)
1
Z
(i)
y
E
[
G
ωz,∅y,A
δ (0, z)G
ωz,ey,A
δ (z, y)
]
i ∈ {0, 1, 2, 3} δ ≥ 1/2
E
[
1{I(ωy,A)}(Z(i)y )C28p(i)z p(i)1 p(i)2 R(i)∗ R(i)∗ (z)R(i)∗ (y)
]
≤C29E
[
(L(i)y )
C30eC31L
(i)
y
]
E
[
1{I(ωy,∅)}Gω
z,∅
y,∅
δ (0, z)G
ωz,e
y,∅
δ (z + e+, y)
]
eC32((y−z)·
)+ ,
C29 C30 C31 C32 d 

R(i)∗ R
(i)
∗ (z) R
(i)
∗ (y)
1 δ > 1/2
1 ∧Rω0(0) ∧min
k∈N
min
u∈∂B(0,k), z /∈B(0,k)
Rω0∗ (u↔ z ∪Δ) ≥ γ1,
γ1 y i z
Rω0∗ (u↔ z ∪Δ) ≥ γ1Gω0δ,{z}(u, u) = γ1P ω0u [T+u < Tz ∧ τδ]−1
≥ P ω0u [τδ > 2, X1 = y,X2 = u]−1 ≥ γ1κ20/4,
y u z
1{I(ωy,A)}p(i)1{
0 ↔ ∂B(i)y , 0 ω
B
(i)
y ,0↔ ∞
}
{0 ⇔ y ⇔∞}
L
(i)
y <∞
{L(i)y = k} k <∞ 0 /∈ B(y, k)
z /∈ B(y, k) z + e+ /∈ B∗(y, k)
x0 ∈ ∂B∗(y, k) x1, x2 ∈
∂B(y, k)
pωz (y, k) = P
ωz,e
z+e+
[Tx0 = T∂B∗(y,k) < τδ],
pω1 (y, k) = P
ωz,∅
0 [Tx1 = TB(y,k) < τδ],
pω2 (y, k) = P
ωz,∅
x2
[Tz < τδ ∧ T+B(y,k)],
x0 y B
E(y, k)\[z, z+e] P0
≤ k + 2 x3
∂B(y, k) B(y, k)
E
[
1{I(ωy,A)}(Z(i)y )C28p(i)z p(i)1 p(i)2 R(i)∗ R(i)∗ (y)R(i)∗ (z) | L(i)y = k
]
≤γ1kγ2eγ3keγ4((z−y)·)+E
[
1{0 ⇔ y ⇔∞}p(i)z p(i)1 p(i)2 R(i)∗ R(i)∗ (y)R(i)∗ (z) | L(i)y = k
]
,
E(Zd)\BE(y, k)
P1 P2 P3 x1 x2
x3 y P = P0 ∪ P1 ∪ P2 ∪ P3 ∪ {y + e, e ∈ ν}
E
[
1{0 ⇔ y ⇔∞}p(i)z p(i)1 p(i)2 R(i)∗ R(i)∗ (z)R(i)∗ (y) | L(i)y = k
]
≤E
[
1{0 ⇔ y ⇔∞}P ωz,ez+e+ [Tx0 = T∂B∗(y,k) < τδ]P ω
z,∅
0 [Tx1 = T∂B(y,k) < τδ]
× P ωz,∅x2 [Tz < τδ ∧ T+∂B(y,k)]Rω
(y,k),1
∗ [x2 ↔ z ∪Δ]R(0)∗ (z)R(0)∗ (y) | P ∈ ω
]
≤24k+4d+2E
[
1{0 ⇔ y ⇔∞}1{P ∈ ω}P ω
z,∅
y,∅
0 [Tx1 = T∂B(y,k) < τδ]R
(0)
∗ (z)R
(0)
∗ (y)
× P ω
z,∅
y,∅
x2 [Tz < τδ ∧ T+∂B(y,k)]P
ωz,e
y,∅
z+e+ [Tx0 = T∂B∗(y,k) < τδ]R
ωz,∅
y,∅
∗ [x2 ↔ z ∪Δ]
]
,
P[P ∈ ω] ≥ 2−(4k+4d+2)
P ω
z,e
z+e+
[Tx0 = T∂B∗(y,k) < τδ] = P
ωz,e
y,∅
z+e+ [Tx0 = T∂B∗(y,k) < τδ]
R(i)∗ (y) ≤ R(0)∗ (y) R
ωz,∅
(y,k),1
∗ [x2 ↔ z ∪Δ] ≤ R
ωz,∅
y,∅
∗ [x2 ↔ z ∪Δ].
x2 ∈ B(y, k)
P
ωz,∅
y,∅
x2 [Tz < τδ ∧ T+∂B(y,k)]R
ωz,∅
y,∅
∗ [x2 ↔ z ∪Δ]
≤γ5P
ωz,∅
y,∅
x2 [Tz < τδ ∧ T+x2 ]
(
P
ωz,∅
y,∅
x2 [Tz ∧ τδ < T+x2 ]
)−1
=γ5P
ωz,∅
y,∅
x2 [Tz < τδ ∧ T+x2 | Tz ∧ τδ < T+x2 ]
=γ5P
ωz,∅
y,∅
x2 [Tz < τδ],
ω 1{P ∈ ω}
P
ωz,∅
y,∅
x1 [Tx2 < τδ] ≥ (δκ0)2k,
P
ωz,∅
y,∅
0 [Tx1 = T∂B(y,k) < τδ]P
ωz,∅
y,∅
x2 [Tz < τδ ∧ T+∂B(y,k)]R
ωz,∅
y,∅
∗ [x2 ↔ z ∪Δ]
≤γ5(δκ0)−2kP
ωz,∅
y,∅
0 [Tx1 < τδ]P
ωz,∅
y,∅
x1 [Tx2 < τδ]P
ωz,∅
y,∅
x2 [Tz < τδ]
≤γ5(δκ0)−2kP
ωz,∅
y,∅
0 [Tz < δ].
P
ωz,e
y,∅
z+e+ [Tx0 = T∂B∗(y,k) < τδ] ≤ (δκ0)−(k+2)P
ωz,e
y,∅
z+e+ [Ty < τδ].
1{0 ⇔ y ⇔∞}1{P ∈ ω} ≤ 1{I}.
ω P ∈ ω
1{0 ⇔ y ⇔∞}1{P ∈ ω}P ω
z,∅
y,∅
0 [Tx0 = T∂B(y,k) < τδ]P
ωz,e
y,∅
z+e+ [Tx0 = T∂B∗(y,k) < τδ]
× P ω
z,∅
y,∅
x2 [Tz < τδ ∧ T+∂B(y,k)]R
ωz,∅
y,∅
∗ [x2 ↔ z ∪Δ]R(0)∗ (z)R(0)∗ (y)
≤γ6(2/κ0)3k1{I}P
ωz,∅
y,∅
0 [Tz < τδ]P
ωz,e
y,∅
z+e+ [Ty < δ]R
(0)
∗ (z)R
(0)
∗ (y)
≤γ7eγ8k1{I}G
ωz,∅
y,∅
δ (0, z)G
ωz,e
y,∅
δ (z + e+, y),
R
(0)
∗ (y) ≤ Rω
z,e
y,∅ [y ↔
Δ]
L
(i)
y
E
[
1{I(ωy,A)}(Z(i)y )C28p(i)z p(i)1 p(i)2 R(i)∗ R(i)∗ (z)R(i)∗ (y) | L(i)y = k
]
≤γ9kγ10eγ11kE
[
1{I(ωy,∅)}Gω
z,∅
y,∅
δ (0, z)G
ωz,e
y,∅
δ (z + e+, y)
]
eγ12((y−z)·
)+ .
0 ∈ B(y, k) P ω0 [Tx = T∂B(z,k) < τδ] 1
x ∈ ∂B(z, k) x1 0
z + e+ /∈ B∗(y, k) P ωz+e+ [Tx = T∂B∗(z,k) < τδ] 1
x ∈ ∂B∗(z, k) x0 z + e+
z ∈ B(y, k) P ωx [Tz = T+∂B(z,k) ∧ τδ] 1 x ∈
∂B(z, k) R
ωz,∅
y,∅
∗ [x2 ↔ z ∪Δ] 1 x2 z
i ∈ {0, 1, 2, 3} δ ≥ 1/2
E
[
1{I(ωy,A)}(Z(i)y )C28p(i)z P
ωz,∅y,A
0 [Tz < T∂B(i)y ∧ τδ]R
(i)
∗ (y)R
(i)
∗ (z)
]
≤C33E
[
(L(i)y )
C34eC35L
(i)
y
]
E
[
1{I(ωy,∅)}Gω
z,∅
y,∅
δ (0, z)G
ωz,e
y,∅
δ (z + e+, y)
]
eC36((y−z)·
)+ ,
d 

{L(i)y = k} k < ∞
0 /∈ B(y, k) z /∈ B(y, k)
1{I(ωy,A)} ≤ 1{0 ⇔ y ⇔∞},
x0, x1 ∈ ∂B(y, k)
p(i)z = P
ωz,e
z [Tx0 = T∂B(y,k) < τδ],
x1 ∞ B(y, k) P0
x0 y P1 x1 y
P = P0 ∪ P1 ∪ {y + e, e ∈ ν} ω {L(i)y = k}
E
[
1{I(ωy,A)}(Z(i)y )C28p(i)z P
ωz,∅y,A
0 [Tz < T∂B(i)y ∧ τδ]R
(i)
∗ (y)R
(i)
∗ (z) | Liy = k
]
≤γ1kγ2eγ3keγ4((y−z)·)+E
[
1{0 ⇔ y ⇔∞}P ωz,ez [Tx0 = T∂B∗(y,k) < τδ]
× P ω
z,∅
y,A
0 [Tz < T∂B(y,k) ∧ τδ]R(0)∗ (y)R(0)∗ (z) | P ∈ ω
]
≤γ1kγ222k+4d+2eγ3keγ4((y−z)·)+E
[
1{P ∈ ω}1{0 ⇔ y ⇔∞}
× P ωz,ez [Tx0 = T∂B∗(y,k) < τδ]P
ωz,∅y,A
0 [Tz < T∂B(y,k) ∧ τδ]R(0)∗ (y)R(0)∗ (z)
]
.
ω {P ∈ ω}
P
ωz,∅y,A
0 [Tz < T∂B(i)y ∧ τδ] = P
ωz,∅
y,∅
0 [Tz < T∂B(i)y ∧ τδ] ≤ P
ωz,∅
y,∅
0 [Tz < τδ],
P ω
z,e
z [Tx0 = T∂B∗(y,k) < τδ](δκ0)
k ≤ P ωz,∅z+e+ [Ty < τδ].
1{P ∈ ω}1{0 ⇔ y ⇔∞} ≤ 1{I(ωz,∅)}
1{P ∈ ω}1{0 ⇔ y ⇔∞}pωz,ez (y, k)P
ωz,∅y,A
0 [Tz < T∂B(y,k) ∧ τδ]
×R(0)∗ (y)R(0)∗ (z)
≤γ5kγ6eγ7k1{I(ωy,∅)}G
ωz,∅
y,∅
δ (0, z)G
ωz,e
y,∅
δ (z + e+, y),
L
(i)
y
ε
ε9 ε < ε9
E[(L(3)y )
C30+C34e(C31+C35)L
(3)
y ] < C37,
C37 d 

L
(3)
y
P[L(3)y ≥ n] ≤ P[L(3)y ≥ n, L(2)y ≤ n/(2C8)]
+ P[L(2)y ≥ n/(2C8), L(1)y ≤ n/(2C8)2]
+ P[L(1)y ≥ n/(2C8)2],
A = B(x, r)
P1−ε[LA(ω) ∨ LA(ωz,e) ≥ n + C8r] ≤ 2C9rdnα(ε)n,
P[L(3)y ≥ n] ≤ 6C9
( n
2C8
)d
nα(ε)f(n),
f(n) = (n/(2C8)
2 − C8) α(ε) ε
ε
v(1) · v′(1) > 0 Je = (Gω0(0, 0) −
Gω0(e, 0)) > 0 Jee = (G
ω0,e0 (0, 0)−Gω0,e0 (e, 0)) > 0
Gω
0,e
0 (0, 0) =Gω0(0, 0) + Gω0(0, 0)
∑
e′∈ν
(pe(e′)− p∅(e′))Gω0,e0 (e′, 0)
+ Gω0(0, e)
∑
e′∈ν
(p−e(e′)− p∅(e′))Gω0,e0 (e + e′, 0),
Gω
0,e
0 (e, 0) =Gω0(e, 0) + Gω0(e, 0)
∑
e′∈ν
(pe(e′)− p∅(e′))Gω0,e0 (e′, 0)
+ Gω0(e, e)
∑
e′∈ν
(p−e(e′)− p∅(e′))Gω0,e0 (e + e′, 0).
Gω0(e, e) = Gω0(0, 0) Gω0(e, 0) = (πω0(0)/πω0(e))Gω0(0, e) =
(c(e)/c(−e))Gω0(0, e)
Jee =J
e + Gω0(0, 0)
[
p(e)(Gω
0,e
0 (0, 0)− 1)− p(e)Gω0,e0 (e, 0)
− (p(−e)Gω0,e0 (e, 0)− p(−e)Gω0,e0 (0, 0))]
+ Gω0(e, 0)
[
(c(e)/c(−e))(p(−e)Gω0,e0 (e, 0)− p(−e)Gω0,e0 (0, 0))
− (p(e)(Gω0,e0 (0, 0)− 1)− p(e)Gω0,e0 (e, 0))],
p(e)c(−e) = p(−e)c(e)
Jee = J
e + Gω0(0, 0)((p(e) + p(−e))Jee − p(e)) + Gω0(e, 0)(−2p(e)Jee + p(e)).
p(e)Gω0(e, 0) = p(−e)Gω0(0, e) = p(−e)Gω0(−e, 0)
Jee = J
e + p(e)JeJee + p(−e)J−eJee − p(e)Je,
Jee =
(1− p(e))Je
1− p(e)Je − p(−e)J−e .
1− p(e) = πe/π∅
πe(d∅ − de) = πe
(
−
∑
e′ 
=e
c(e′)c(e)
π∅πe
e′ +
c(e)
π∅
e
)
= c(e)(e− d∅),
v(1)
1− p(e)Je − p(−e)J−e
=1−Gω0(0, 0)(p(e)P ω0e [T+0 = ∞] + p(−e)P ω0−e [T+0 = ∞]) > 0,
Gω0(0, 0) = P ω00 [T
+
0 = ∞] =
∑
e′∈ν p(e
′)P ω0e′ [T
+
0 = ∞]
e −e
e ∈ ν e · d∅ > 0
e −e d∅
H(|e|) := (d∅ · e)
[ p(e)Je + p(−e)J−e
1− p(e)Je − p(−e)J−e e−
p(e)Je − p(−e)J−e
1− p(e)Je − p(−e)J−ed∅
]
,
β(|e|) =: (d∅ · e)/(1− p(e)Je − p(−e)J−e) > 0
H(|e|) · d∅ = β(|e|)
[
(p(e)Je + p(−e)J−e)(d∅ · e)− (p(e)Je − p(−e)J−e)(d∅ · d∅)
]
> 0,
i = 1, . . . , d d∅ · e(i) > 0 d∅ · e(i) ≥ ||d∅||2 .
v(1) · v′(1) =
∑d
i=1 H(
∣∣e(i)∣∣) · d∅ > 0

6n O(nκ) κ ∈ (0, 1)
n
O(nν0) ν0 ∈ (0, κ)
n nν1 ν1 ∈ (κ, 1)
n (−nν)
ω := (ωi, i ∈ Z) (0, 1)
P ω E
ω P
Z ω (Xn, n ≥ 0)
X0 = z n ≥ 0,
P zω [Xn+1 = x + 1 | Xn = x] = ωx,
P zω [Xn+1 = x− 1 | Xn = x] = 1− ωx.
P zω (Xn, n ≥ 0) X0 = z
Ezω P
z
P × P zω Ez Pz Pz Ez
z = 0 Pω
Eω P E
Z+
ω˜
ω˜i =
{
ωi, i 
= 0,
1, i = 0
P zω˜ E
z
ω˜
P˜
z
E˜
z
Pω˜ Eω˜ P˜ E˜
i ∈ Z
ρi :=
1− ωi
ωi
.
E[ln ρ0] < 0,
limn→∞Xn = +∞ Pω P ω
κ > 0 E[ρκ0 ] = 1 E[ρ
κ
0 ln
+ ρ0] <∞.
κ > 1
Xn
n
→ v > 0, P
κ > 1 κ ≤ 1
0
ω := (ωi, i ∈ Z)
−∞ ≤ E[ln ρ0] < 0
0 < κ ≤ 1 E [ρκ0 ] = 1 E
[
ρκ0 ln
+ ρ0
]
<∞,
ln ρ0
κ < 1
Xn
nκ
law−→ C1
(
1
Scaκ
)κ
,
law−→ P C1
Scaκ κ
κ = 1
Xn
n/ lnn
law−→ C2 1Sca1
.
n nκ
limn→∞ lnXn/ lnn = κ P
n
A ⊂ Z
TA := min{n ≥ 0 : Xn ∈ A}.
Ta := T{a} a
Ta Ta
n nν0 ν0 < 1 ∧ κ
n (−nν)
n nν1 κ < ν1 < 1
κ < 1
κ > 1
I I(0) = 0
n
ε0 > 0 E[ρ
−ε0
0 ] <∞.
n
nν ν < κ {Xn < nν} nν n
{Tnν > n}
e−n
β
β = 1 − ν
κ
β = (1− ν
κ
) ∧ κ
κ+1
ν ∈ (0, 1 ∧ κ)
lim
n→∞
ln(− lnPω˜[Tnν > n])
lnn
= 1− ν
κ
, P ,
lim
n→∞
ln(− lnPω˜[Xn < nν ])
lnn
=
(
1− ν
κ
)
∧ κ
κ + 1
, P
lim
n→∞
ln(− lnPω[Tnν > n])
lnn
=
(
1− ν
κ
)
∧ κ
κ + 1
, P ,
lim
n→∞
ln(− lnPω[Xn < nν ])
lnn
=
(
1− ν
κ
)
∧ κ
κ + 1
, P
{Tnν > n}
{Xn < nν}
n−(κ−ν)
ν ∈ (0, 1 ∧ κ)
lim
n→∞
lnP[Xn < n
ν ]
lnn
= lim
n→∞
lnP[Tnν > n]
lnn
= −(κ− ν).
P P˜
Z
+∞
n
ν ∈ (0, 1)
lim
n→∞
ln(− lnPω[Xn < −nν ])
lnn
= ν ∨ κ
κ + 1
, P
lim
n→∞
ln(− lnP[Xn < −nν ])
lnn
= ν,
lim
n→∞
ln(− lnP[T−nν < n])
lnn
= lim
n→∞
ln(− lnPω[T−nν < n])
lnn
= ν P
n nκ
κ < 1
n O(n)
Xn n
ν κ < ν < 1 e−n
β
β = ν−κ
1−κ
ν ∈ (κ, 1)
lim
n→∞
ln(− lnPω[Xn > nν ])
lnn
= lim
n→∞
ln(− lnPω[Tnν < n])
lnn
=
ν − κ
1− κ , P ,
lim
n→∞
ln(− lnP[Xn > nν ])
lnn
= lim
n→∞
ln(− lnP[Tnν < n])
lnn
=
ν − κ
1− κ .
κ ∈ (0, 1) Z
f(ν) =
⎧⎨⎩
limn→∞ ln(− lnPω[Xn < −n−ν ])/ lnn, ν ∈ (−1, 0],
limn→∞ ln(− lnPω[Xn < nν ])/ lnn, ν ∈ (0, κ),
limn→∞ ln(− lnPω[Xn > nν ])/ lnn, ν ∈ [κ, 1).
−1 − κ
κ+1
0 κ
κ+1
κ 1
1
f(ν)
ν
κ
κ+1
f(ν) −1 < ν < 1
γ, γ0, γ1, γ2, γ3, . . .
C1, C2, C3, . . .
V = (V (x), x ∈ Z), ω
V (x) :=
⎧⎨⎩
∑x
i=1 ln ρi, x ≥ 1,
0, x = 0,
−∑0i=x+1 ln ρi, x ≤ −1,
E[ln ρ0] < 0
R V (x) := V (x)
π(x) := e−V (x) + e−V (x−1), x ∈ Z
ωxπ(x) = (1 − ωx+1)π(x + 1) x
π([x, y]) =
∑y
i=x−1 π(i) x < y
V (·)
(Ki(n))i≥0
K0(n) =− n,
Ki+1(n) =min
{
j ≥ Ki(n) : V (Ki(n))− min
k∈[Ki(n),j]
V (k) ≥ 3
1 ∧ κ lnn,
V (j) = max
k≥j
V (k)
}
.
n
[Ki, Ki+1) i
n V (Ki+1) < V (Ki)
i ∈ [0, n] i
bi = inf
{
x ∈ [Ki, Ki+1) : V (x) = min
y∈[Ki,Ki+1)
V (y)
}
,
xV (x)
−n = K0(n) 0
Ki(n) bi Ki+1(n)
Hi
≥ 3
1∧κ
lnn
Hi = max
x∈[Ki,Ki+1)
(
max
y∈[x,Ki+1)
V (y)− min
y∈[Ki,x)
V (y)
)
= max
Ki(n)≤j<k<Ki+1(n)
(
V (k)− V (j)),
Nn(m,m
′) = {i ≥ 1 : [Ki, Ki+1) ∩ [m, m′) 
= ∅}
n
i ≥ 1 Z n
n i ≥ 1(
V (j)− V (Ki+1(n)), j = Ki(n), . . . , Ki+1(n)− 1
)
i ≥ 1
i0 = cardN(−n, 0) i1 = cardN(−n, nν).
K˜i0 = 0 K˜i = Ki i ≥ i0.
S = maxi≥0 V (i)
(iii)
P[S > h] ∼ CF e−κh, h→∞,
(iii) ln ρ0 λZ λ > 0 V (·)
ln ρi
P[S ≥ nλ] ∼ C ′F e−κλn, n→∞,
(V (nd + k))n≥0
k ∈ [0, d − 1] d V (·)
(i) (ii)
P[S > h] = Θ(e−κh),
f(n) = Θ(g(n)) f(n) = O(g(n)) g(n) = O(f(n))
a < x < b
b a x
P xω [Tb < Ta] =
∑x−1
y=a e
V (y)∑b−1
y=a e
V (y)
,
A(n) =
{
max
i≤2n
(Ki+1 −Ki) ≤ (lnn)2
}
.
P[A(n)c] = O
( 1
n2
)
.
P[A(n)c] = P
[
max
i≤2n
(Ki+1 −Ki) > (lnn)2
]
≤ 2nP[K2 −K1 > (lnn)2] + P[K1 > (lnn)2],
K1(n) = min
{
j ≥ 0 : − min
k∈[0,j]
V (k) ≥ 3
1 ∧ κ lnn, V (j) = maxk≥j V (k)
}
.
P[K2 −K1 > (lnn)2] = P[K1 > (lnn)2 | max
i≥0
V (i) ≤ 0]
≤ P[K1 > (lnn)
2]
P[maxi≥0 V (i) ≤ 0] ,
P[maxi≥0 V (i) ≤ 0] > 0 E[ln ρ0] < 0 
 ε0
 > 3(1 ∧ κ)
ε0 V ((lnn)
2) ≤ −3+3
1∧κ
lnn minj≤(lnn)2 (V (j)− V (j − 1)) ≥
− 
1∧κ
lnn maxj≥(lnn)2 V (j)− V ((lnn)2) ≤ 31∧κ lnn{
i ∈ [0, (lnn)2], V (i) ∈
(
− 3
1 ∧ κ lnn,−
3 + 2

1 ∧ κ lnn
)}
m maxj≥m V (j) = V (m)
K1 ≤ (lnn)2
P[K1 > (lnn)
2] ≤ P
[
V ((lnn)2) > −3 + 3

1 ∧ κ lnn
min
j≤(lnn)2
(V (j)− V (j − 1)) < − 

1 ∧ κ lnn
max
j≥(lnn)2
V (j)− V ((lnn)2) > 3
1 ∧ κ lnn
]
.
P
[
max
j≥(lnn)2
V (j)− V ((lnn)2) > 3
1 ∧ κ lnn
]
= O(n−3).
P
[
min
j≤(lnn)2
(V (j)− V (j − 1)) < − 

1 ∧ κ lnn
]
≤ (lnn)2P
[
ln ρ0 < − 

1 ∧ κ lnn
]
≤ (lnn)2P
[
ρ−ε00 > exp
(
ε0


1 ∧ κ lnn
)]
≤ (lnn)2E[ρ−ε00 ]n−ε0/(1∧κ)
= o(n−3) .
V (·)
P[V ((lnn)2) > −C1 lnn] ≤ P
[∣∣V ((lnn)2)− E[V (1)](lnn)2∣∣ > C2(lnn)2]
≤ exp(−C3(lnn)2)
= o(n−3),
E[V (1)] = E[ln ρ0] ∈ (−∞, 0)
a ∈ [0, ν)
B(n, ν, a)c =
{
card
{
i ∈ Nn(−nν , nν) : Hi ≥ a
κ
lnn + ln lnn
}
≥ nν−a
}
.
−nν nν
nν−a (a/κ) lnn + ln lnn
a ∈ [0, ν)
P[B(n, ν, a)c] = O(n−2).
≺
card
{
i ≤ Nn(−nν , nν) : Hi ≥ a
κ
lnn + ln lnn
}
≺
(
2nν+ 2,P
[
S ≥ a
κ
lnn + ln lnn
])
,
2nν + 2
(a/κ) lnn + ln lnn
P
[
S ≥ a
κ
lnn + ln lnn
]
= O
( n−a
(lnn)κ
)
.
P
[ (
2nν+ 2,P
[
S ≥ a
κ
lnn + ln lnn
])
≥ nν−a
]
≤ C4 exp(−nν−a) exp(C5nν−a(lnn)−κ),
ν > a
m ∈ Z+
B′(n, ν,m) =
m−1⋂
k=1
B(n, ν, kν/m).
G(n)c =
{
max
k≥n
(V (k)− V (n)) ≥ 1
κ
(lnn + 2 ln lnn)
}
⋃{
max
k≥−n
(V (k)− V (−n)) ≥ 1
κ
(lnn + 2 ln lnn)
}
.
P[G(n)c] = O
( 1
n(lnn)2
)
.
[−n, n]
1
κ
(lnn + 2 ln lnn)
G1(n) =
{
max
i∈[−n,n]
max
k≥i
(V (k)− V (i)) ≤ 1
κ
(lnn + 2 ln lnn)
}
.
P ω N = N(ω) ω ∈ G1(n) n ≥ N
G2(n) =
{
max
i∈[0,n]
max
k≥i
(V (k)− V (i)) ≤ 1
κ
(lnn + 2 ln lnn)
}
G1(n)
n0 := min
{
j ≥ 0 : max
k≥i
(V (k)− V (i)) ≤ 1
κ
(ln i + 2 ln ln i), ∀i ≥ j
}
K = max
0≤i≤n0
max
k≥i
(V (k)− V (i)).
n0 P N
N ≥ n0
1
κ
(lnN + 2 ln lnN) ≥ K.
n ≥ N 
 ∈ [0, n] maxi∈[0,n] maxk≥i(V (k)−V (i)) = maxk≥(V (k)−
V (
)) 
 ≤ n0 maxk≥(V (k)−V (
)) ≤ K K

 > n0 n0 maxk≥(V (k)− V (
)) ≤ 1κ(ln 
 + 2 ln ln 
) ≤
1
κ
(lnn + 2 ln lnn)
D(n)c =
{
max
i∈[0,n]
max
k≥i
(V (k)− V (i)) ≤ 1
κ
(lnn− 4 ln lnn)
}
⋃{
max
i∈[−n,0]
max
k≥i
(V (k)− V (i)) ≤ 1
κ
(lnn− 4 ln lnn)
}
.
P[D(n)c] = O(n−2).
P[D(n)c] ≤ 2P
[
max
i∈[0, n
(lnn)2
]
max
k≤(lnn)2
V (i(lnn)2 + k)− V (i(lnn)2)
≤ 1
κ
(lnn− 4 ln lnn)
]
+ P[A(n)c],
P[A(n)c] = O(n−2)
D(1)(n) =
{
max
k>(lnn)2
V (k)− V (0) ≥ 1
κ
(lnn− 4 ln lnn)
}
,
P[D(1)(n)] ≤P
[
max
k≥0
V (k)− V (0) > 1
κ
(lnn− 4 ln lnn)
]
+ P
[
max
k≥0
V (k)− V (0) 
= max
k≤(lnn)2
V (k)− V (0)
]
= Θ
((lnn)4
n
)
,
O(n−2)
n
P[D(n)c] ≤ 2
(
1− C6(lnn)
4
n
)n/(lnn)2
≤ 2 exp (−C7(lnn)2) ,
F (n) =
{
min
i∈[−n,n]
(1− ωi) > n−3/ε0
}
.
P[F (n)c] = O
( 1
n2
)
.
1 − ωi ≥ min(1/2, ρi/2)
P[ρi < 2n
−3/ε0 ] = O(n−3)
P
[
ρ−1i >
n3/ε0
2
]
≤ 2
ε0E[ρ−ε00 ]
n3
.
P ω n
ω ∈ A(n)∩B′(n, ν,m)∩G1(n)∩D(n)∩F (n)
(lnn)2 (lnn + 2 ln lnn)/κ
a
κ
lnn − ln lnn
(lnn− 4 ln lnn)/κ
3
1∧κ
lnn
G1(n)
1
κ
(lnn+2 ln lnn)
[−n, n] G1(n) (V (Ki))i≤2n
V (bi+1) ≤ V (bi)− 3
1 ∧ κ lnn +
1
κ
(lnn + 2 ln lnn)
≤ V (bi)− 2
1 ∧ κ lnn +
2
κ
ln lnn
[−n, n]
π(bi) ≤ 2e−V (bi) ≤ 2(lnn)
2/κ
n2/(1∧κ)
π(bi+1) ≤ 1
2
π(bi+1).
V (Ki)−V (bi) G1(n)∩F (n)
G1(n) ∩ F (n) γ0
V (Ki)− V (Ki+1) ≤ V (Ki)− V (bi) ≤ γ0 lnn.
x Ki V (x) ≤ V (Ki)−
(3/(1 ∧ κ)) lnn Ki+1 V (x) ≤ V (Ki+1) F (n)
V (x) ≥ V (Ki) − (3/(1 ∧ κ) + 3/ε0) lnn G1(n)
V (bi) ≥ V (Ki+1)− (2/κ) lnn n
V (Ki)− V (bi) ≤ V (Ki)− (V (Ki+1)− 2
κ
lnn)
≤ V (Ki)− (V (x)− 2
κ
lnn)
≤
( 3
1 ∧ κ +
3
ε0
+
2
κ
)
lnn .
I = [a, c] Z
V (x) x ∈ [a − 1, c]
V (a− 1) = 0 ωx = e−V (x)/π(x)
x ∈ [a, c] π(x) V (a− 1) = 0
V (x) V (x) + c ∀x
X I
ωa a a+1 1−ωa
a c
H+ = max
x∈[a,c]
(
max
y∈[x,c]
V (y)− min
y∈[a,x)
V (y)
)
,
H− = max
x∈[a,c]
(
max
y∈[a,x]
V (y)− min
y∈(x,c]
V (y)
)
,
H = H+ ∧H−.
M˜ = max
y∈[a,c]
V (y)− min
y∈[a,c]
V (y)
[a, c]
f =
{
c, H = H+,
a,
I
γ1 > 0 u ≥ 1
max
x∈I
P xω
[ T{a,c}
γ1(c− a)3((c− a) + M˜)eH
> u
]
≤ max
x∈I
P xω
[ Tf
γ1(c− a)3((c− a) + M˜)eH
> u
]
≤ e−u.
H = H+ f = c
b
[a, c]
I I ′ =
[a, c+1] V (c+1) := V (b) ωc+1 =
(
1+e−(V (c)−V (b))
)−1
1 − ωc+1 c + 1 c
ωc+1 c + 1
Xˆt I
′
μ I ′
Xˆ
μ(x) = π(x)
(∑
y∈I′
π(y)
)−1
,
x ∈ I ′ π V (a−1) =
0 V (c + 1) = V (b) λ(I ′)
1
4BI′
≤ λ(I ′) ≤ 2
BI′
,
BI
′
= mini∈I′(B
I′
− (i) ∧BI′+ (i))
BI
′
+ (i) = max
x>i
(
x∑
y=i+1
(μ(y)(1− ωy))−1
)
μ[x, c + 1], i ∈ [a, c]
BI
′
− (i) = max
x<i
(
i−1∑
y=x
(μ(y)ωy)
−1
)
μ[a, x], i ∈ [a + 1, c + 1]
BI
′
+ (c+1) = B
I′
− (a) = 0 B
I′ ≤ BI′− (c+1)
ωxπ(x) = e
−V (x) x ∈ I ′
BI
′
− (c + 1) = max
x≤c
( c∑
y=x
1
ωyπ(y)
)( x∑
y=a
π(y)
)
= max
x≤c
( c∑
y=x
eV (y)
)( x∑
y=a
(e−V (y) + e−V (y−1))
)
≤ 2max
x≤c
( c∑
y=x
eV (y)
)( x∑
y=a
e−V (y)
)
≤ 2(c− a)2eH .
λ(I ′) ≥ 1
8(c− a)2eH .
x, y ∈ I ′ s > 0∣∣∣P xω [Xˆs = y]− μ(y)∣∣∣ ≤ (μ(y)μ(x))1/2 exp(−λ(I ′)s).
y = c + 1 (μ(c +
1)/μ(x))1/2 ≤ √2eM˜/2 x ∈ (a, c) s := C1(c−a)2((c−a)+M˜)eH C1 > 4
∣∣∣P xω [Xˆs = c + 1]− μ(c + 1)∣∣∣ ≤ √2e−C1(c−a)/8 < 18(c− a) ,
μ(c + 1) ≥ 1/2(c + 1− a) ≥ 1/(4(c− a))
min
x∈I′
P xω [Xˆs = c + 1] ≥
1
8(c− a) .
[0, t] N := t/s
Tˆ Xˆ
P xω [Tˆc > t] ≤ P xω [Tˆc+1 > t]
≤ P xω [Xˆsk 
= c + 1, k = 1, . . . , N ]
≤
(
1− 1
8(c− a)
)N
≤ exp
(
− N
8(c− a)
)
≤ exp
(
− t
8C1(c− a)3((c− a) + M˜)eH
)
exp
( 1
8(c− a)
)
.
(ei)i≥1 1
n
∑n
i=1 ei
P [e1 + · · ·+ en ≥ n] ≥ 1/3 n t
1
3
P[Tc ≥ t] ≤ P[Tc ≥ t]P[Tˆc ≥ Tc] = P[Tc ≥ t, Tˆc ≥ Tc] ≤ P[Tˆc ≥ t],
v > 0
max
x∈I
P xω
[ Tc
8(1 + v)C1(c− a)3((c− a) + M˜)eH
> u
]
≤
(
3e1/8e−vu
)
e−u,
u ≥ 0 u ≥ 1 v 3 exp(1
8
−v) ≤
1 γ1 = 8C1(1 + v)
γ2 x, y h ∈ [x, y]
P xω [Ty < s] ≤ γ2(1 + s)
π(h)
π(x)
.
y
s
∫ s+1
0
1{Xˆu = y}du ≥
1 ∫ s+1
0
P xω [Xˆu = y]du ≥ P xω [Tˆy < s] · P [e1 ≥ 1]
e1 1
P xω [Tˆy < s] ≤ P xω [Tˆh < s]
≤ e
∫ s+1
0
P xω [Xˆu = h]du
= e
∫ s+1
0
π(h)
π(x)
P hω [Xˆu = x]du
≤ e(s + 1)π(h)
π(x)
.
H∗+ = max
x∈[a+1,c−1]
(
max
y∈[x,c−1]
V (y)− min
y∈[a+1,x)
V (y)
)
,
H∗− = max
x∈[a+1,c−1]
(
max
y∈[a+1,x]
V (y)− min
y∈(x,c−1]
V (y)
)
,
H∗ = H∗+ ∧H∗−.
b [a, c]
c − 1 [b, c − 1] a
[a, b] γ3 > 0 u ≥ 1
min
x∈I
P xω
[
γ3 ln(2(c− a))
T{a,c}
eH∗
≥ u
]
≥ 1
2(c− a)e
−u,
eH
∗ ≥ 16γ2
min
b<h<c−1
π(h)
π(b)
≤ 2e−H∗+ min
a+1<h<b
π(h)
π(b)
≤ 2e−H∗− ,
s ≥ 1, P bω[T{a,c} < s] ≤ 8γ2se−H
∗
,
s = eH
∗
/(16γ2) ≥ 1 1/2
min
x∈I
P xω [Tb < T{a,c}] ≥ (c− a)−1.
N = t/s x ∈ I
P xω [T{a,c} > t] ≥ (2(c− a))−(N+1)
≥ exp
(
−C2t ln(2(c− a))
eH∗
)
(2(c− a))−1.
x ∈ (a, c)
b {a, c} (c − a)−1
s {a, c} 1/2
x′ ∈ (a, c) s
T{a,c}
s (2(c− a))−1 γ3
T{Ki,Ki+1} T{Ki−1,Ki+1+1} Hi
(sk(n))k≥0
s0(n) = 0,
si+1(n) = min{j ≥ si(n) : Xj ∈ {Kl(n), l ≥ 0}}.
Yi = Xsi {Kl, l ≥ 0}
ln(ν) = max{i : si ≤ Tnν}
[nν ;∞)
{Kl, l ≥ 0} {K˜l, l ≥ 0}
ξν(i) = card{j ∈ [0, ln(ν)] : Yj = Ki+1, Yj+1 = Ki} i = i0 + 1, . . . , i1 − 1,
ξ˜ν(i) = card{j ∈ [0, ln(ν)] : Yj = K˜i+1, Yj+1 = K˜i} i = i0 + 1, . . . , i1 − 1.
Xn
i
T (i) = TKi+1 ◦ θ( (i))− (i),
θ
(i) = inf{n ≥ 0 : Xn = Ki, TKi+1 ◦ θ(n) < TKi−1 ◦ θ(n)}.
T (i)
(Yi)i≥1
Tnν = T + T + T + T + T ,
T =
{
TKi0+1 , TKi0+1 < TKi0
TKi0 + T (i0) ◦ θ(TKi0 ),
T =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
card{i ≤ Tnν : Xi < K1}
∑ln(ν)
j=0 1{Yj = K˜i0+1, Yj+1 = K˜i0}
×
(
TKi ◦ θ(sj)− sj + T (i) ◦ (TKi ◦ θ(sj))
)
T = Tnν ◦ θ( ∗(i1))− ∗(i1),
T =
i1−1∑
i=i0+1
T (i) ◦ θ(TKi),
T =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
∑i1−1
i=1
∑ln(ν)
j=0 1{Yj = Ki+1, Yj+1 = Ki}
×
(
TKi ◦ θ(sj)− sj + T (i) ◦ (TKi ◦ θ(sj))
)
∑i1−1
i=i0+1
∑ln(ν)
j=0 1{Yj = Ki+1, Yj+1 = Ki}
×
(
TKi ◦ θ(sj)− sj + T (i) ◦ (TKi ◦ θ(sj))
)
,
∗(i1) = inf{n ≥ 0 : Xn = Ki1 , Tnν ◦θ(n) < TKi1−1 ◦θ(n)}
Ki K˜i T
ω
T = τ(0),
T = τ(nν),
T =
i1−1∑
i=i0+1
τ
(0)
+ (i),
T =
i1−2∑
i=1
(τ
(1)
+ (i) + τ
(1)
− (i) + · · ·+ τ (ξ
ν(i))
+ (i) + τ
(ξν(i))
− (i))
+
ξν(i1−1)∑
j=1
τ
(j)
+ (i1 − 1) + τ last,(j)− ,
τ
(j)
+ (i) τ
(j)
− (i) τ
last,(j)
−
τ
(j)
+ (i)
TKi+1 P
Ki
ω [ · | TKi+1 < TKi−1 ] τ (j)− (i)
TKi P
Ki+1
ω [ · | TKi < TKi+2 ]
τ last,j− TKi1−1
P
Ki1
ω [ · | TKi1−1 < Tnν ] τ(0) τ(nν)
TKi0+1 Tnν Pω[ · | TKi0+1 < TKi0−1 ]
P
Ki1
ω [ · | Tnν < TKi1−1 ]
Ki K˜i ξ
ν(i) ξ˜νi ω ω˜
nν
B(n) := card{i ≥ 1 : si+1(n) ≤ Tnν , Yi+1 < Yi} =
i1−1∑
i=1
ξν(i).
K1 Ki0 0 Ki0+1 Ki−1 Ki Ki+1 Ki1 nν
time
Tinit
Tleft
next(i)
Tnext(i)
Tright
next
∗
(i1)
Tnν
i ≤ i1 P n
PKiω [TKi+1 > TKi−1 ] =
(Ki+1−1∑
j=Ki−1
eV (j)
)−1 Ki+1−1∑
j=Ki
eV (j)
≤ max
i≤n
(Ki −Ki−1)(lnn)
2/κ
n2/(1∧κ)
≤ n−3/2,
maxi≤n(Ki+1 − Ki) ≤ (lnn)2 A(n)
V (Ki−1)−V (x) ≥ 21∧κ lnn− 2κ ln lnn x ∈ [Ki, Ki+1]
ω ∈ A(n) ∩ F (n) ∩ G1(n)
PKiω [TKi+1 > TKi−1 ] ≥
1
Ki+1 −Ki−1
1
eV (Ki−1)−V (Ki+1)
≥ n−(1+2γ0).
3n
nν n nν
3n B(n) (3n, n−3/2)
f(·) f(n) = O(n) P n
Pω[B(n) ≥ f(n)] ≤
(
3n
n
)( 1
n3/2
)n
+ P
[
(3n, n−3/2) ≥ f(n)
]
,
P n
Pω[B(n) ≥ f(n)] ≤ exp(−C1n) + C2 exp(−f(n))
≤ C3 exp(−f(n)).
κ
κ+1
< 1 − ν
κ
ν < κ
κ+1
[0, nν ]
n
[0, n
κ
κ+1 ]
n− n κκ+1 [0, nν ]
[−n κκ+1 , 0]
n
κ
κ+1 n
xV (x)
0
nν n
κ
κ+1
−n κκ+1
3
1
2
1
κ+1
lnn
1
κ+1
lnn
ν
κ
lnn
time ≈ n
prob. ≈ exp(−n κκ+1 )
time ≈ n
prob. ≈ exp(−n κκ+1 )
time ≈ n
prob. ≈ exp(−n1− νκ )
prob. ≈ exp(−n κκ+1 )
[0, nν ]
ν
κ
lnn
n exp(−n1− νκ )
[0, n
κ
κ+1 ] 1
κ+1
lnn
exp(−n κκ+1 )
exp(−n κκ+1 )
ν < κ
κ+1
γ4 > 0 P ω n
i ≤ 2n + 1 u ≥ 1
PKiω
[
TKi+1 > u
(
γ4(lnn)
10eHi−1∨Hi
) | TKi+1 < TKi−1] ≤ e−u,
PKiω
[
TKi−1 > u
(
γ4(lnn)
10eHi−1∨Hi
) | TKi−1 < TKi+1] ≤ e−u.
max
x∈(Ki−1,Ki+1)
(
max
y∈[x,Ki+1)
V (y)− min
y∈[Ki−1,x)
V (y)
)
= Hi−1 ∨Hi.
P n
PKiω
[
TKi−1 > u
(
γ4(lnn)
10eHi−1∨Hi
) | TKi+1 > TKi−1]
≤ n1+2γ0PKiω
[
T{Ki−1,Ki+1} > u
(
γ4(lnn)
10eHi−1∨Hi
)
, TKi+1 > TKi−1
]
.
Ki−1
Ki+1 A(n) Ki+1 − Ki−1 ≤ 2(lnn)2 G1(n) ∩ F (n)
maxy∈[Ki−1,Ki+1] V (y)−miny∈[Ki−1,Ki+1) V (y) ≤ 2γ0 lnn n
γ0 ≤ (lnn)2 a = Ki−1 c = Ki+1 M˜ ≤ 2(lnn)2
H = Hi−1 ∨Hi
PKiωˆ
[
T{Ki−1,Ki+1} > u
(
γ4(lnn)
10eHi−1∨Hi
)]
≤ exp(−uγ4(lnn)2/(32γ1)),
ωˆ Ki−1 Ki+1
PKiω
[
TKi−1 > u
(
γ4(lnn)
10eHi−1∨Hi
) | TKi+1 > TKi−1]
≤ exp(−uγ4(lnn)2/(32γ1) + (1 + 2γ0) lnn)
≤ e−u,
γ4 > 32γ1((1 + 2γ0) + 1) n
Zi TKi+1 P
Ki
ω [ · | TKi+1 < TKi−1 ]
i ∈ N(−na, nb) H = maxi∈N(−na,nb) Hi P n
Zi
γ4eH(lnn)10
≺ 1 + e,
e 1 ω ∈ G1(na∨b) P
n γ > 0 κ
Zi
γ4n(a∨b)/κ(lnn)γ
≺ 1 + e.
Ki−1 Ki+1
TK˜i0+2
P
K˜i0+1
ω˜ [ · |
TK˜i0+2
< TK˜i0
] = P
K˜i0+1
ω˜ [ · ]
γ4
P ω n
i0 = cardNn(−n, 0) u ≥ 1
Pω
[
TKi0+1(n) > u
(
γ4(lnn)
10eHi0−1∨Hi0
) | TKi0+1(n) < TKi0−1(n)] ≤ e−u,
Pω˜
[
TKi0+1(n) > u
(
γ4(lnn)
10eHi0−1∨Hi0
)] ≤ e−u.
γ4
P ω n
i1 = cardNn(−n, nν) u ≥ 1
P
Ki1
ω
[
Tnν > u
(
γ4(lnn)
10eHi1−1∨Hi1
) | Tnν < TKi1 (n)] ≤ e−u.
P
Ki1
ω
[
TKi1−1 > u
(
γ4(lnn)
10eHi1−1∨Hi1
) | TKi1−1 < Tnν] ≤ e−u.
τ−
γ4nν/κ(lnn)γ
≺ 1 + e.
0 < a < b < c < 1 P n
Pω˜
[ T
γ4nν/κ(lnn)γ
≥ nc,B(n) ∈ [na, nb)
]
≤ exp(−nc/4),
γ
{B(n) ∈ [na, nb)} ∑i∈N(0,nν) ξν(i) = B(n) < nb
P n
T
γ4nν/κ(lnn)γ
≺ 2nb + (2nb, 1).
T 0 nν
2
(k, 1)
P [ (k, 1) ≥ u] ≤ e−u/2E[exp( (k, 1)/2)] = e−u/22k.
P n
Pω˜
[ T
γ4nν/κ(lnn)γ
≥ nc,B(n) ∈ [na, nb)
]
≤ P [ (2nb, 1) ≥ nc − 2nb],
(nc− 2nb)/2− 2nb ln 2 ≥ nc/4 n
0 < a < b < c < 1 P n
Pω˜
[ T
γ4nν/κ(lnn)γ
≥ nc,B(n) ∈ [na, nb)
]
≤ exp(−nc/4),
γ κ
{B(n) ∈ [na, nb)} T
i0 i0 +1 K˜i0+1 K˜i0
nb TKi0+2
P
Ki0+1
ω˜ [ · ]
0 < a < b < 1 c ∈ (b ∨ ν, 1) P n
Pω
[ T
n(b∨ν)/κ(lnn)γ
≥ nc,B(n) ∈ [na, nb)
]
≤ exp(−nc/4),
γ κ
{B(n) ∈ [na, nb)} T
Nn(−nb, nν)
T
m ≥ m0(κ, ν) n
Pω [T ≥ n] ≤ C(m) exp(−n1−(1+2/m) νκ ).
ω ∈ B′(n, ν,m) ∩G1(n)
k = −1, . . . ,m
N(k) = card{i ∈ N(−nν , nν) : Hi ≥ νk
κm
lnn + 2 ln lnn},
σ(k) = card
{
i ≤ Tnν : Xi ∈ [Kj(n), Kj+1(n)) j
Hj ∈
[
lnn
νk
κm
+ 2 ln lnn, lnn
ν(k + 1)
κm
+ 2 ln lnn
]}
.
T ≥ n k ∈ [−1,m]
n/(4m)
[
νk
κm
lnn+2 ln lnn, ν(k+1)
κm
lnn+2 ln lnn
]
ω G1(n)
Pω[T > n] ≤ 4m max
k∈[−1,m]
Pω[σ(k) ≥ n/(4m)].
ω ∈ B′(n, ν,m)∩G1(n) N(k) ≤ nν(1−k/m)
σ(k)
γ4(lnn)11nν(k+1)/(κm)
≺ 2nν(1−k/m) + (2nν(1−k/m), 1).
m > (1 − ν)−1 nν(1−k/m) = o(n1−ν(k+1)/m(lnn)−11) n
ν m
Pω[σ(k) ≥ n/(4m)] ≤ P
[
(2nν(1−k/m), 1) ≥ n
1−ν(k+1)/(κm)
(lnn)12
]
≤ 4nν(1−k/m) exp
(
−n
1−ν(k+1)/(κm)
(lnn)12
)
≤ exp
(
−2n1−ν(k+2)/(κm) + ln 4nν(1−k/m)
)
.
n1−(1+2/m)ν/κ ≥ ln 4nν(1−kε) k m
k = 0 k = m
ω ∈ A(n)∩G1(n)∩B′(n, ν,m) P
n
Pω˜ [Tnν > n] ≤Pω˜ [T ≥ n/5] + Pω˜ [T ≥ n/5] + Pω˜ [T ≥ n/5]
+ Pω˜ [T ≥ n/5] + Pω˜ [T ≥ n/5] .
ε > 0
Pω˜ [T ≥ n/5] ≤Pω˜[B(n) > n1−(1+2/m)ν/κ]
+ Pω˜[T ≥ n/5,B(n) ≤ n1−(1+2/m)ν/κ].
Pω˜[B(n) > n
1−(1+2/m)ν/κ] ≤ C2 exp(−n1−(1+2/m)ν/κ),
n
Pω˜[T ≥ n/5,B(n) ≤ n1−(1+2/m)ν/κ]
≤ Pω˜
[ T
nν/κ(lnn)γ
≥ n1−(1+1/m)ν/κ,B(n) ≤ n1−(1+2/m)ν/κ
]
≤ exp(−n1−(1+1/m)ν/κ/4)
≤ exp(−n1−(1+2/m)ν/κ),
Pω˜ [T ≥ n/5] ≤ exp(−n1−(1+2/m)ν/κ).
Pω˜ [T ≥ n/5] ≤ exp(−n1−(1+2/m)ν/κ).
ω ∈ G1(n)
Pω˜ [T ≥ n/5] ≤ exp(−n1−(1+2/m)ν/κ).
ε > 0
Pω˜ [Tnν > n] ≤ C3 exp(−n1−(1+2/m)ν/κ).
m ∞
lim inf
n→∞
ln(− lnPω˜ [Tnν > n])
lnn
≥ 1− ν
κ
, P
T T {T > 0}
B(n) ≥ n/(lnn)2 − 1
Pω[T ≥ n/5] ≤ exp(−n1−(1+2/m)ν/κ).
Pω[T ≥ n] m
Pω[T > n] ≤
m∑
k=0
Pω[T > n,B(n) ∈ [nk/m, n(k+1)/m)].
P n
Pω[T > n,B(n) ∈ [nk/m, n(k+1)/m)] ≤ C3 exp(−nk/m).
Pω[T > n,B(n) ∈ [nk/m, n(k+1)/m)] ≤ C4 exp(−C5n1−(ν∨((k+1)/m))/κ).
T
P n
lim inf
n→∞
ln(− lnPω[Tnν > n])
lnn
≥ min
k∈[−1,m+1]
( k
m
∨
(
1− ν ∨ ((k + 1)/m)
κ
))
,
lim inf
n→∞
ln(− lnPω[Tnν > n])
lnn
≥
(
1− ν
κ
)
∧ κ
κ + 1
− 2
(1 ∧ κ)m, P
m
lim inf
n→∞
ln(− lnPω[Tnν > n])
lnn
≥
(
1− ν
κ
)
∧ κ
κ + 1
, P
Pω Pω˜ ω ∈
A(n) ∩G1(n) ∩B′(n, ν,m) P n
m ∈ Z+
Pω[Xn < n
ν ] ≤
m∑
k=0
Pω[Tnν+(k−1)/m < n]
×max
i≤n
P n
ν+(k−1)/m
ω [Xi < n
ν , Tnν+k/m > n− i].
max
i≤n
P n
ν+(k−1)/m
ω [Xi ≤ nν , Tnν+k/m > n− i]
≤
(
max
i≤n
P n
ν+(k−1)/m
ω [Xi < n
ν ]
)
∧ P nν+(k−1)/mω [Tnν+k/m > n].
x ∈ Z
P n
ν+(k−1)/m
ω [Xi = x] ≤
π(x)
π(nν+(k−1)/m)
,
max
i≤n
P n
ν+(k−1)/m
ω [Xi < n
ν ] ≤ 1 ∧ π([−n, n
ν ])
π(nν+(k−1)/m)
.
bi π(bi1) ≤ 2e−V (bi1 )
π(bi1) ≤ 2e−V (bi1 ) ≤ C6(lnn)2/κn1/κe−V (Ki1+1(n)),
1
κ
(lnn + 2 ln lnn)
(lnn)2
π([−n, nν ]) ≤ C7(lnn)2+2/κn1/κe−V (Ki1+1(n)).
i2 n
ν+(k−1)/m n
π(nν+(k−1)/m) ≥ π(Ki2−1(n)),
G(n) V (Ki2−1(n)) V (Ki2−1(n)−1) V (nν+(k−1)/m)
V (nν+(k−1)/m − 1)
A(n) |(i2 − 1)− i1| ≥
∣∣nν+(k−1)ε − nν∣∣ /(lnn)2 − 2 V (Ki) −
V (Ki+1) ≥ 1/(1 ∧ κ) lnn ω ∈ G1(n) k ≥ 2
π([−n, nν ])
π(nν+(k−1)/m)
≤ C8(lnn)2+2/κn1/κ exp(−(V (Ki1+1)− V (Ki2−1)))
≤ C9(lnn)2+2/κn1/κ exp
(
−C10n
ν+(k−1)/m − nν
(lnn)2
)
.
P n
ν+(k−1)/m
ω [Tnν+k/m > n] ≤ exp(−n(1−(ν+(k/m))/κ)∧(κ/(κ+1))−1/m).
Pω[Xn < n
ν ]
≤ max
k∈[−1,m+1]
[
1 ∧
[
C9mn
1/κ(lnn)2+2/κ exp
(
−C10n
ν+(k−1)/m − nν
(lnn)2
)]
∧ exp(−n(1−(ν+(k/m))/κ)∧(κ/(κ+1))−1/m)
]
,
P
lim inf
n→∞
ln(− lnPω[Xn < nν ])
lnn
≥ min
k∈[−1,m+1]
[(
1
{k − 1
m
≥ 0
}(
ν +
k − 1
m
))
∨
((
1− ν + k/m
κ
)
∧ κ
κ + 1
− 1
m
)]
.
k
lim inf
n→∞
ln(− lnPω[Xn < nν ])
lnn
≥
(
1− ν
κ
)
∧ κ
κ + 1
− 1
m
, P
m
lim inf
n→∞
ln(− lnPω[Xn < nν ])
lnn
≥
(
1− ν
κ
)
∧ κ
κ + 1
, P
ω ∈ A(n) ∩ D(n) ∩ F (n) P n
ε > 0 n (1−ε)ν
κ
lnn
nν i2
Pω˜[Tnν > n] ≥ P K˜i2ω˜ [TK˜i2+1+1 > n],
P
K˜i2
ω˜ [TK˜i2+1+1
> n] ≥ exp(−n1−(1−ε)ν/κ+ε).
ε 0
lim sup
n→∞
ln(− lnPω˜[Tnν > n])
lnn
≤ 1− ν
κ
.
a ∈ [0, κ−ν) n
(ν+(1−ε)a)/κ lnn nν+a
i3 i2 K˜i2 +1 ≤ nν+a
n−(nν+a−nν)−(lnn)2 n
Pω˜[Xn < n
ν ] ≥Pω˜ [Tnν+a < n/2]min
j≤n
P
eKi3+1
ω˜
[
T{ eKi3−1, eKi3+1+1} > j
]
× n−(3/ε0)(nν+a−nν+(lnn)2).
1/2 n
min
j≤n
P
eKi3+1
ω˜
[
T{ eKi3−1, eKi3+1+1} > j
]
≥ exp(−n1−(ν+(1−ε)a)/κ+ε),
n
ω ∈ F (n)
a ≥ 0
lim sup
n→∞
ln(− lnPω˜[Xn < nν ])
lnn
≤ 1{a > 0}(ν + a) ∨
(
1− (1− ε)ν + a
κ
+ ε
)
,
a = 0 ∨ (κ/(κ + 1)− ν)
lim sup
n→∞
ln(− lnPω˜[Xn < nν ])
lnn
≤
(
1− ν
κ
)
∧ κ
κ + 1
+
2ε
κ
+ ε, P
ε 0
lim sup
n→∞
ln(− lnPω[Tnν > n])
lnn
≤ 1− ν
κ
, P
i4
(1 − ε)/(κ + 1) lnn −nκ/(κ+1) D(n)
nν n
Pω[Tnν > n] ≥ Pω[T−nκ/(κ+1) < Tnν ]PKi4ω [TKi4+1+1 > n],
nκ/(κ+1)
n
P 0ω [Tnν > n] ≥ n−(3/ε0)n
κ/(κ+1)
exp(−n1−(1−2ε)/(κ+1)),
lim sup
n→∞
ln(− lnP 0ω [Tnν > n])
lnn
≤ κ
κ + 1
+ 2
ε
κ + 1
, P
Pω[Xn < n
ν ] ≥ Pω[Tnν > n],
ε 0
A′(n, ν, a) =
{
x ∈ [−nν , nν ] : max
y∈[x,nν ]
V (y)− V (x) ≥ (1 + a) lnn},
A′+(n, ν, a) =
{
x ∈ [0, nν ] : max
y∈[x,nν ]
V (y)− V (x) ≥ (1 + a) lnn}.
a ∈ (−1, 1)
lim
n→∞
lnP[A′(n, ν, a)]
lnn
= lim
n→∞
lnP[A′+(n, ν, a)]
lnn
= −(κ− ν)− aκ.
P[A′+(n, ν, a)] ≤ P[A′(n, ν, a)]
≤ 2nνP
[
max
i≥0
V (i) ≥ (1 + a) lnn
]
= Θ(nν−(1+a)κ).
A1(n, a) =
{
k ∈ [0, (lnn)2] V (k) ≥ (1 + a) lnn},
P[A1(n, a)] ≥P
[
max
i≥0
V (i) ≥ (1 + a) lnn
]
−P[V (lnn)2 > − lnn]
−P
[
max
i≥(lnn)2
V (i)− V ((lnn)2) > (2 + a) lnn
]
=Θ(n−(1+a)κ),
P[A′(n, ν, a)] ≥ P[A′+(n, ν, a)] ≥
nν
(lnn)2P[A1(n)] = Θ
(nν−(1+a)κ
(lnn)2
)
,
ε > 0 A′+(n, ν, ε) [Ki, Ki+1] V (Ki+1)−
V (bi) ≥ (1 + ε) lnn [0, nν) i5
Pω[Tnν > n] ≥ P bi5ω [TKi5+1+1 > n] ≥ 1− γ2(1 + n)e−(1+ε) lnn ≥
1
2
n
P[Tnν > n] ≥ E[1{A′+(n, ν, ε)}Pω[Tnν > n]] ≥
1
2
P[A′+(n, ν, ε)].
ε > 0
lim inf
n→∞
lnP[Tnν > n]
lnn
≥ −(ν − κ)− κε.
P[Xn < n
ν ]
Pω Pω˜ P P˜
Tnν ω˜
Tnν ω m ∈ N 1/m ∈ (0, ν)
P[Tnν > n] ≤ P[A′(n, ν,−1/m)] + E
(
1{A′(n, ν,−1/m)c}P 0ω [Tnν > n]
)
.
E
(
1{A′(n, ν,−1/m)c}P 0ω [Tnν > n]
)
≤ P[A(n)c ∪B′(n, ν,m)c]
+ E
(
1{A′(n, ν,−1/m)c ∩ A(n) ∩B′(n, ν,m)}P 0ω [Tnν > n]
)
,
B′(n, ν,m)
1/n = o(P[A′(n, ν,−1/m)])
P[A(n)c ∪B′(n, ν,m)c] = o(P[A′(n, ν,−1/m)]).
i ∈ N(−nε, nν)
A′(n, ν,−1/m)c ∩ A(n) ∩B′(n, ν,m) Z
C8n(1−1/m)(lnn)γ
≺ 1 + e,
Z TKi+1(n) P
Ki(n)
ω [ · | TKi+1(n) < TKi−1(n)] γ = γ(κ)
e 1
Ki−1(n) Ki+1(n)
A′(n, ν,−1/m)c ∩ A(n) ∩ B′(n, ν,m)
u ≥ 1
Pω
[ T
n1−1/m(lnn)γ
≥ exp(n1/(2m)),B(n) ≤ n1/(4m)
]
≤ e−n1/(2m)/4,
Pω
[
T > n
5
]
≤ C1 exp(−n1/(4m)).
Pω[B(n) ≥ n1/(4m)] ≤ C2 exp(−n1/(4m)),
Pω
[
T > n
5
]
≤ C3 exp(−n1/(4m)).
A′(n, ν,−1/m)c∩A(n)
Pω
[
T > n
5
]
≤ C4 exp(−n1/(4m)).
A′(n, ν,−1/m)c ⊂ G(n)
ω ∈ A′(n, ν,−1/m)c ∩ A(n) ∩B′(n, ν,m)
Pω[Tnν > n] ≤ C5 exp(−n1/(4m)).
exp(−n1/(2m)) n1/m
A′(n, ν,−1/m)c ∩ A(n) ∩ B′(n, ν,m) (1 −
1/m) lnn n exp(−n1/(2m))
m > 0
lim sup
n→∞
lnE
[
1{A′(n, ν,−1/m)c, A(n)c, B′(n, ν,m)c}P 0ω [Tnν > n]
]
lnn
= 0,
lim sup
n→∞
lnP[Tnν > n]
lnn
≤ −(κ− ν) + κ
m
,
m
Xn < n
ν
Tn(1+1/m)ν > n B(n) ≥ n1/(2m) m > 0
P[Xn < n
ν ] ≤ P[Tn(1+1/m)ν > n] + C6e−n
1/(2m)
,
m
ν ∈ (0, 1) Pω[T−nν < n]
ω ∈ F (n) Pω[T−nν < n] ≥ n−(3/ε0)nν ,
nν
lim sup
n→∞
ln(− lnPω[T−nν < n])
lnn
≤ ν.
(−∞,−nν ] n
i ≤ n Xi ∈ [−n,−nν ] ω
Pω[T−nν < n] ≤
n∑
i=1
Pω[Xi ∈ [−n,−nν ]]
≤ nmax
i≤n
Pω[Xi ∈ [−n,−nν ]].
max
i≤n
Pω[Xi ∈ [−n,−nν ]] ≤ π([−n,−n
ν ])
π(0)
,
A(n) ∩G1(n)
π([−n,−nν ])
π(0)
≤ C1(lnn)2+2/κn1/κ exp(−C2nν/(lnn)2).
ω ∈ A(n) ∩G(n) Pω[T−nν < n] ≤ C3n1+2/κ exp(−C2nν/(lnn)2),
lim inf
n→∞
ln(− lnPω[T−nν < n])
lnn
≥ ν.
a0 =
κ
κ+1
∨ ν Pω[Xn < −nν ] n
P (1− ε)(a0/κ) lnn i2 −na0
0
n − na0 na0 + 1
Xn < −na0
Pω[Xn < −nν ] ≥ n−(3/ε0)2(na0+1)PKi2+1−1ω [T{Ki2−1,Ki2+1+1} ≥ n]
≥ n−(3/ε0)2(na0+1) exp(−n1−(1−2ε)a0/κ),
ω ∈ F (n)
lim sup
n→∞
ln(− lnPω[Xn < −nν ])
lnn
≤ a0 + 2εa0
κ
,
εlim sup
n→∞
ln(− lnPω[Xn < −nν ])
lnn
≤ a0.
m ∈ N
Pω[Xn < −nν ] ≤
m∑
k=0
Pω[Tn(k−1)/m < n] max
i≤n
P n
(k−1)/m
ω [Tnk/m > n− i,Xi < −nν ],
max
i≤n
P n
(k−1)/m
ω [Tnk/m > n− i,Xi < −nν ]
≤
(
max
i≤n
P n
(k−1)/m
ω [Xi < −nν ]
)
∧ P n(k−1)/mω [Tnk/m > n].
n
P n
(k−1)/m
ω [Tnk/m > n] ≤ exp(−n(1−(k/m)/κ)∧(κ/(κ+1))−1/m).
max
i≤n
P n
(k−1)/m
ω [Xi ∈ [−n,−nν ]] ≤
π([−n,−nν ])
π(n(k−1)/m)
,
A(n) ∩G(n)
π([−n,−nν ])
π(n(k−1)/m)
≤ C4 exp(−C5(n(k−1)/m + nν)/(lnn)2).
lim inf
n→∞
ln(− lnPω[Xn < −nν ])
lnn
≥ min
k∈[0,m]
(((
1− k
mκ
)
∧ κ
κ + 1
)
∨
(k − 1
m
∨ ν
))
− 1
m
,
lim inf
n→∞
ln(− lnPω[Xn < −nν ])
lnn
≥ a0 − 2
m
,
m
θ0 = E [ln ρ0] < 0
R =
{
ω : V (x) ≤ θ0
3
nν x ∈ [0, n], |V (x) + θ0x| ≤ |θ0|
3
nν x ∈ [−nν , 0)
}
.
V
C6
P[R] ≥ 1− 2ne−C6nν .
R
Pω[T−nν < n] ≤ Pω[T−nν < Tn]
≤ C7n exp
(
−2θ0
3
nν
)
.
P[Xn < −nν ] ≤ P[T−nν < n] ≤ e−C8nν .
P[T−nν < n] ≥ P[Xn < −nν ] ≥
(δ
2
)nν
n−C9 ,
δ > 0 P[1 − ω0 ≥ δ] > 1/2
(1/2)n
ν
1− ωx ≥ δ x ∈ (−nν , 0]
(−nν) 2 lnn
n
κ < 1 ν ∈ (κ, 1)
g(α) = ν + α
κ
− α α0 = κ 1−ν1−κ g(α) g(0) = ν < 1
g(ν) = ν
κ
> 1 g(α0) = 1 ν − α0 = ν−κ1−κ
Z
Pω[Xn > n
ν ]
m ω ∈ B′(n, α0,m)∩A(n)∩F (n)
n P A(n) B′(n, α0,m)
ω ∈ B′(n, α0,m) ∩ A(n)
M = Nn(0, n
ν)
I0 = {i ∈M : Hi−1 ∨Hi ≤ ln lnn},
Ik =
{
i ∈M : (Hi−1 ∨Hi)− ln lnn ∈
[(k − 1)α0
mκ
lnn,
kα0
mκ
lnn
)}
k ∈ [1,m− 1]
U =
{
i ∈M : Hi−1 ∨Hi ≥ (m− 1)α0
mκ
lnn + ln lnn
}
.
B′(n, α0,m)
cardU ≤ nν−α0+α0m = n ν−κ1−κ+α0m ,
card Ik ≤ nν−
kα0
m , k = 1, . . . ,m− 1.
σi0 = TKi0+1 σi1 = Tnν − TKi1 σj =
TKj+1 − TKj j = i0 + 1, . . . , i1 − 1 ε > 0
Pω[Xn > n
(1−ε)ν ] ≥Pω
[m−1∑
k=0
∑
i∈Ik
σi ≤ n
2
]
Pω
[∑
i∈U
σi ≤ n
2
]
× P nνω
[
Xj > n
(1−ε)ν i ∈ [0, n− nν ]].
Pω
[m−1∑
k=0
∑
i∈Ik
σi ≤ n
2
]
≥
m−1∏
k=0
Pω
[∑
i∈Ik
σi ≤ n
2m
]
≥
m−1∏
k=0
Pω
[
σi ≤ 1
2m
n1−(ν−
kα0
m
) i ∈ Ik
]
.

 ∈ Ik
Pω
[
σ ≤ 1
2m
n1−(ν−
kα0
m
)
]
≥ PKω [TK+1 < TK−1 ]
× PKω
[
T{K−1,K+1} ≤
1
2m
n1−(ν−
kα0
m
) | TKl+1 < TKl−1
]
.
A(n)
PKω [TK+1 < TK−1 ] ≥ 1− n−3/2,
PKω
[
T{K−1,K+1} ≤
1
2m
n1−(ν−
kα0
m
) | TKl+1 < TKl−1
]
≥ 1− exp
(
− C1
m(lnn)γ
n1−(ν−
kα0
m
)−
kα0
mκ
)
,
Pω
[
σ ≤ 1
2m
n1−(ν−
kα0
m
)
]
≥ (1− n−3/2)
(
1− exp
(
− C1
m(lnn)γ
n1−g(
kα0
m
)
))
.
k ≤ m− 1
1− g
(kα0
m
)
≥ (1− κ)α0
mκ
,
Pω
[m−1∑
k=0
∑
i∈Ik
σi ≤ n
2
]
≥
m−1∏
k=0
[
(1− n−3/2)
)(
1− exp
(
− C1
m(lnn)γ
n
(1−κ)α0
mκ
))]nν
→ 1 n→∞.
G1(n) ρi i ∈ [−n, n] ωx ≥ n−C2

 ∈ U
Pω
[
σ ≤ 1
2
n1−(ν−α0)−
α0
m
]
≥ n−C2(lnn)2 ,
Pω
[∑
i∈U
σi ≤ n
2
]
≥ Pω
[
σ ≤ 1
2
n1−(ν−α0)−
α0
m 
 ∈ U
]
≥ (n−C2(lnn)2)n ν−κ1−κ +α0m
= exp
(
−C2(lnn)3n
ν−κ
1−κ
+
α0
m
)
ν − α0 = ν−κ1−κ
A(n) ∩G(n)
P n
ν
ω
[
Xj > n
(1−ε)ν j ∈ [0, n− nν ]] ≥ P nνω [Tn < Tn(1−ε)ν ] > C3 > 0.
m ∞
lim sup
n→∞
ln(− lnPω[Xn > n(1−ε)ν ])
lnn
≤ ν − κ
1− κ , P
ν ′ = ν/(1− ε) ε
lim sup
n→∞
ln(− lnPω[Xn > nν′ ])
lnn
≤ ν
′ − κ
1− κ , P
Pω[Tnν < n] ≥ Pω[Xn > nν ] Pω[Tnν < n]
ε > 0 α0 + ε < ν
W =
{
i ∈ Nn(0, nν) : Hi ≥ α0 + ε
κ
lnn− 4 ln lnn
}
,
Ψεn =
{
ω : cardW ≥ 1
3
nν−α0−ε
}
.
nα0+ε
α0+ε
κ
lnn−4 ln lnn 1/2 [0, nν ] nν−α0−ε
P[Ψεn] ≥ 1− exp(−C4nν−α0−ε),
P ω ∈ Ψεn n
i ∈ W σ˜i = TKi+1+1 − TKi+1
s0 =
1
4γ2(lnn)4
n
α0+ε
κ .
i ∈ W
Pω[σ˜i < s0] ≤ 2γ2s0 exp
(
−α0 + ε
κ
lnn + 4 ln lnn
)
= 2γ2s0n
−
α0+ε
κ (lnn)4
=
1
2
.
ζi = 1{σ˜i < s0} i ∈ W
Pω Pω[ζi = 1] ≤ 1/2
g(α0) = 1
1
3
s0 × 1
3
nν−α0−ε =
1
36γ2(lnn)4
ng(α0+ε) > n.
cardW ≥ 1
3
nν−α0−ε ω ∈ Ψεn
n
Pω[Tnν < n] ≤ Pω
[∑
i∈W
ζi >
2
3
cardW
]
≤ exp(−C5n ν−κ1−κ−ε)
ν − α0 = ν−κ1−κ ε > 0
lim inf
n→∞
ln(− lnPω[Tnν < n])
lnn
≥ ν − κ
1− κ P
lim sup
n→∞
ln(− lnP[Xn > nν ])
lnn
≤ ν − κ
1− κ ,
P[Tnν < n] =
∫
Pω[Tnν < n] dP
≤
∫
Ψεn
Pω[Tnν < n] dP + P[(Ψ
ε
n)
c]
≤ exp(−C5n ν−κ1−κ−ε)+ exp(−C4n ν−κ1−κ−ε),
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